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Abstract. We examine conditions under which a pair of re-arrangement invariant function 
spaces on [0, 1] or [0, oo) form a Calderon couple. A very general criterion is developed to 
determine whether such a pair is a Calderon couple, with numerous applications. We give, 
for example, a complete classification of those spaces X which form a Calderon couple with 
Loo- We specialize our results to Orlicz spaces and are able to give necessary and sufficient 
conditions on an Orlicz function F so that the pair {Lp, L^o) forms a Calderon pair. 

1. Introduction. 

Suppose (A, y) is a compatible pair of Banach spaces (see [4] or [5]). We denote by 
A(t, /) = A(t, /; A, Y) the Peetre K-functional on A + F i.e. 

K{tJ) = ini{\\x\\x+t\\y\\Y : x + y = f}. 

Then (A, Y) is called a Calderon couple (or a Calderon-Mityagin couple) if whenever /, g 
satisfy 

K{tJ)<K{t,g) 

for all t then there is a bounded operator T : X + Y — > X + Y such that ||T||x, \\T\\y < oo 
and Tg = f. We will say that (A, Y) is a uniform Calderon couple (with constant C) 
if we can further insist that max(||T||x, ll^lly) ^ C. Calderon couples are particularly 
important in interpolation theory because it is possible to give a complete description of 
all interpolation spaces for such a couple. Indeed, for such a couple, it is easy to show 
that a space Z is an interpolation space if and only if it is K-monotone, i.e. i( f & Z and 
g & X + Y with K{t, g) < K{t, f) then g E Z. li follows from the K-divisibility theorem 
of Brudnyi and Krugljak [7] that if Z is a normed K-monotone space then allows ||/||z on 
Z is equivalent to a norm ||i^(t, /)||<i> where $ is an appropriate lattice norm on functions 
on (0, oo). Thus, for Calderon couples, one has a complete description of all interpolation 
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spaces. We remark also at this point that there are apparently no known examples of 
Calderon couples which are not uniform. 

There has been a considerable amount of subsequent effort devoted to classifying 
Calderon couples of rearrangement-invariant spaces on [0,1] or [0,oo). It is a classical 
result of Calderon and Mityagin ([9], [32]) that the pair (Li,Loo) is a uniform Calderon 
couple with constant 1. It is now known that any pair {Lp, Lq) is a Calderon couple (and 
indeed weighted versions of these theorems are valid); we refer the reader to Lorentz and 
Shimogaki [27], Sparr [36], Arazy and Cwikel [1], Sedaev and Semenov [35] and Cwikel 
[13], [15]. Subsequent work has shown that under certain hypotheses pairs of Lorentz 
spaces or Marcinkiewicz spaces are Calderon couples; see Cwikel [14], Merucci [30], [31] 
and Cwikel-Nilsson [16], [17]. For further positive results on Calderon couples see [18] (for 
weighted Banach lattices), and [21] and [38] (for Hardy spaces). 

On the negative side, Ovchinnikov [34] showed that on [0, oo) the pair (Li + L^o, Li fl 
Loo) is not a Calderon couple; indeed Maligranda and Ovchinnikov show that if p 7^ 2 then 
Lp n Lq and Lp + Lq (^ + ^ = 1) are interpolation spaces not obtainable by the K- method 
[29]. 

The general problem we consider in this article is that of providing necessary and 
sufficient conditions on a pair {X, Y) of r.i. spaces (always assumed to have the so-called 
Fatou property) on either [0, 1] or [0, 00) so that {X, Y) is a Calderon couple. Although 
we cannot provide a complete answer to this problem, we can resolve it in certain cases 
and this enables us to settle some open questions in the area (see, e.g. Maligranda [28], 
Problems 1-3 or Brudnyi-Krugljak [8] p. 685 [g], [i]). For example, we give a complete 
classification of all r.i. spaces X so that (X, Loo) is a Calderon couple and hence give 
examples of r.i. spaces (even Orlicz spaces) X so that {X,Loo) is not a Calderon couple. 
Our methods give fairly precise information in the problem of classifying pairs of Orlicz 
spaces which form Calderon couples. It should also be mentioned that our results apply 
equally to symmetric sequence spaces. 

We now describe our results in more detail. Let X be an r.i. space on [0, 1] or [0, 00) 
or a symmetric sequence space. Let e^, = X[2",2"+i) for n e J where J = Z_ = — N or 
J = ZorJ = NU {0}. We associate to X a Kothe sequence space Ex on J by defining 

neJ 

We then say that X is stretchable if the sequence space Ex has the right-shift property 
(RSP) i.e. there is a constant C so that if {xn,yn)n=i P^i^ finite normalized 

sequences in Ex so that supp xi < supp yi < supp X2 < ■ ■ ■ < supp yn then for any 
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CKi, . . . , CKjv we have 

AT N 

II ^ "nl/nlUx < C'll CtnXnWEx- 
n=l n=l 

Thus £'x has (RSP) if the right-shift operator is uniformly bounded on the closed linear 
span of every block basic sequence with respect to the canonical basis. We similarly say 
that X is compressible if Ex has the corresponding left-shift property (LSP). Finally we say 
that X is elastic if it is both stretchable and compressible. It is easy to see that Lp— spaces 
and more generally Lorentz spaces with finite Boyd indices are elastic because Ex in this 
case is a weighted £p— space (in fact this property characterizes Lorentz spaces when the 
Boyd indices are finite). On the other hand it is not difficult to give examples of r.i. spaces 
which are neither compressible nor stretchable. Curiously, however, we have no example 
of a space which is either stretchable or compressible and not elastic. 

The significance of these ideas is illustrated by Theorem 5.4. The pair (X, Loo) is a 
Calderon couple if and only if X is stretchable. Dually if we assume that X has nontrivial 
concavity then {X,Li) is a Calderon couple if and only if X is compressible (Theorem 
5.5). More generally if (X, Y) is any pair of r.i. spaces such that either the Boyd indices 
satisfy py > Qx or there exists p so that X is p-concave and Y is p-convex and has 
nontrivial concavity then {X, Y) is a Calderon couple if and only if X is stretchable and 
Y is compressible. 

In Section 6 we study these concepts for Orlicz spaces. We show that for an Orlicz 
space to be compressible it is necessary and sufficent that it is stretchable; thus we need 
only consider elastic Orlicz spaces. We show for example that Lf[0, 1] (where F satisfies 
the A2— condition) is elastic if and only if there is a constant C and a bounded monotone 
increasing function w{t) so that for any < x < 1 and any l<s<t<oowe have 

F(tx) ^F(sx) 

< + w(t) - wis). 

F(t) - F(s) ^ ^ ^ ^ 

This condition implies that the Boyd indices (or Orlicz-Matuszewska indices) pp and qp 
of Lp coincide. In fact it implies the stronger condition that F must be equivalent to a 
function which is regularly varying in the sense of Karamata (see [6] ) . We give examples to 
show that F can be regularly varying with Lp inelastic and that Lp can be elastic without 
coinciding with a Lorentz space (cf. [26], [33]). 

Brudnyi (cf. [8]) has conjectured that if a pair of (distinct) Orlicz spaces {Lp[0, 1], 
Lg[0, 1]) is a Calderon couple then pp = qp and po = qa- We show by example that this 
is false. However we also show that either pp = po and qp = qa or both Lp and Lq are 
elastic and hence pp = qp and po = QG- 

Let us now introduce some notation and conventions. Let be a Polish space and let 
fihe a cr— finite Borel measure on fl. Let Lo(//) denote the space of all real- valued Borel 
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functions on Q (where functions differing on a set of measure zero are identified), equipped 
with the topology of convergence in //—measure on sets of finite measure. By a Kothe 
function space on Q we shall mean a Banach space X which is a subspace of Lq containing 
the characteristic function xb whenever fJ,{B) < oo and such that the norm || \\x satisfies 
the conditions: 

(a) ll/IU < WaWx whenever |/| < |fif| a.e. 

(b) Bx = {f: WfWx < 1} is closed in Lq. 

Condition (b) is usually called the Fatou property; note here that we include the Fatou 
property in our definition and so it is an implicit assumption throughout the paper. It is 
sometimes convenient to extend the definition of by setting = oo if / ^ X. We 

will also write Pb/ = /b = fXB when i? is a Borel subset of Q. We let supp / = {a; : 

/(^) 7^ 0}. 

If X is a Kothe function space then we say that X is p-convex {1 < p < oo) if there 
is a constant M so that for any /i ,.../„ e X we have 

n n 
k=l k=l 

and p-concave if there exists M so that 

n n 
k=l k=l 

Similarly we say that X has an upper p-estimate if there is a constant M so that if /i , . . . , 
are disjoint in X then 

n n 

|l5^Mk<M(J]||M|^)V^> 

k=l k=l 

and X has a lower p-estimate if there exists M so that if /i , . . . , are disjoint then 

n n 
k^l k=l 

See Lindenstrauss-Tzafriri [25] for a fuller discussion. 

We will sometimes use (/, g) for fg dji. With this notion of pairing we will also use 
X* for the Kothe dual of X (which will coincide with the full dual if X is separable). 

If (X, Y) are two Kothe function spaces on (f2, ji) then the pair (X, Y) is necessarily 
Gagliardo complete (cf. [4]). We denote by A{X^Y) the space of admissible operators i.e. 
operators T : X+Y X+Y such that ||T||x = sup{||T/||x : ||/|U < 1} < oo and ||T||y = 
sup{||T/||y : 11/11^ < 1} < oo. We norm A{X,Y) by \\T\\^x,y) = niax(||T||x, ||T||^). 
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In the special case when f2 = J is a subset of Z and is counting measure we write 
a; (J) = I/o(//) and a Kothe function space X is called a Kothe sequence space modelled on 
J. An operator T on X is then called a matrix if it takes the form 

Tx{n) = y^anfcx(fc) 

fcGJ 

for some {ank)n,ke3- We remark here that the assumption that T is a matrix forces the 
existence of an adjoint operator T* : X* ^ X* even in the nonseparable situation when 
X* is not the full dual of X. 

If 0, = [0, 1] or [0, cxo) (with // Lebesgue measure) or if = N (with // counting 
measure) then for / e Lo{ij,) we define the decreasing rearrangement /* of / by 

r{t)= sup inf|/(.)|, 

B:n{B)<t 

for < t < oo. We say that X is a rearrangement-invariant space (or a symmetric sequence 
space if n = N) if = for aU / e Lq. If we define 

then it is well-known that if f,g e Lq with /** < g** then ||/||x < lbl|x- 

If X is an r.i. space on [0, 1] or [0, oo) then the dilation operators Da on X are then 
defined by Daf{t) = f{t/a) (where we regard / as vanishing outside [0, 1] in the former 
case). We can then define the Boyd indices px and qx of X by 

T log a 
Px = hm 

a^oo log ll-LJallx 

1- log a 
qx = hm — . 

a^O log \\Da\\x 

In the case when X is a symmetric sequence space we define px and qx in the same way 
but we define Da by the nonlinear formula 

Daf{n) = r{n/a) 

where /* is well-defined on [0, oo). 

Finally let us mention two special classes of r.i. spaces. If 1 < p < oo we will say that 
an r.i. space X on Q = [0, 1] or [0, oo) is a Lorentz space of order p if there is a positive 
monotone increasing weight function : — > (0, oo) such that sup^ 2ten ■"^(2^)/'?^(^) < oo 
and ||/||x is equivalent to the quasinorm 
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We can then write X = L^^p. If we take w{t) = t"^/^ we obtain the standard Lorentz spaces 
L{q,p). It is easy to compute that the Lorentz space X = L^^p has Boyd indices px,Qx 
where 

1 log w ( at) — log w(t) 

— = hm sup ^-p — 

Px a^oo t.oten log a 

1 . _ log w ( at) — log w(t) 

— = hm mt -. 

qx o^oo t,at£Q. log a 

If we impose the additional restriction that qx < oo then it can easily be seen that we 
may suppose that w satisfies inf^ 2teo w'(2t)/ty(t) > 1. 

We will also be interested in Orlicz function spaces and sequence spaces. By an Orlicz 
function we shall mean a continuous strictly increasing convex function F : [0, oo) [0, oo) 
such that -F(O) = 0. F is said to satisfy the A2— condition if there is a constant A such 
that F{2x) < AF{x) for all x>0. 

The Orlicz function space Lf{^i Ij) is defined by 

II/IIl, =inf{a>0: / F{a-^ f{t))dt <l} 

Jo, 

so that LF = {f : < 00}. 

In this case the Boyd indices pp — PLf ^^'^ Qf — QLf are closely related to the Orlicz- 
Matuszewska indices of F (see Lindenstrauss-Tzafriri [25] p. 139). More precisely let 
a°^{F) (resp. q;°(F)) be the supremum of allp so that for some C we have F(st) < CsPF{t) 
for aU < s < 1 and aU t > 1 (resp. t < 1). Similarly let (3°°{F) (resp. /3°(F)) be the 
infimum of all q so that for some C we have s'PF{t) < CF{st) for all < s < 1 and alH > 1 
(resp. t < 1). Then if = [0, 1] we have pp = a°°{F) and qp = p°°{F). UQ= [0, 00) then 
PF = min(a°°(F),a°(F)) and qp = max(/?°°(F), /5°(F)). If we assume the A2-condition 
(and we always will) then qp < 00. 



2. The shift properties. 

Let J be one of the three sets Z, Z+ = {n e Z : n > 0} or Z_ = Z \ Z+. Let a;(J) 
denote the space of all sequences modelled on J. If a; = {x{k)}kej is a sequence (modelled 
on J) we write supp x = {k : x{k) ^ 0}. If A, B are subsets of J we write A < B ii a <h 
for every a e ^, 6 e S. If / is any interval of Z and {xni yn)nei is a pair of sequences in 
a;(J) we say (a;„,y„) is interlaced if each XniUn has finite support and supp Xn < supp 
Un {n e I) and supp yn < supp Xn+i whenever n,n+ 1 e /. 
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Let Ehe a. Kothe sequence space modelled on J. We will say that E has the right-shift 
property (RSP) if there is a constant C such that whenever {xn,yn)nei is an interlaced 
pair with Hj/nlls < ll^n||s = 1 (n £ I) then for every finitely nonzero sequence of scalars 
{oin)n€i wc have 



Conversely we will say that E has the left-shift property (LSP) if there is a constant C 
so that for every interlaced pair {xn,yn)nei with ||a;„||£; < Hj/nlls = 1) cind every finitely 
nonzero {an)nei we have 



Proposition 2.1. E has (LSP) if and only if E* has (RSP). 

Proof: We will only prove one direction. Let us assume E* has (RSP) with constant 
C. Let {xn,yn)nei: be an interlaced pair with ||yn||£ < II^^tiHe = 1- We may assume each 
Xn,yn is positive (i.e. Xn{k),yn{k) > for every k). Suppose {an)nei is a finitely nonzero 
sequence of nonnegative reals. Let / = ^anyn- Then there exists positive g E E* with 
supp g Csupp / and so that (/, ^) = while = 1- We can write 



where each Vn is positive, ||fn||£;* = 1 and supp Vn C supp yn- 

Next pick positive Un with supp Un C supp Xn, {xn-,Un) = 1 and ||ttn||s* = 1- We 
conclude from the fact that E* has (RSP) that 







Thus 







Thus the proposition is proved.^ 
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Proposition 2.2. Suppose E is a Kothe sequence space modelled on Z. DeGne = 
E{Z+) and E_ = E{Z_). Then E has (RSP) (resp. (LSP)) if and only both E+ and E_ 
have (RSP) (resp. (LSP)). 

Proof: One direction is obvious. For the other, suppose both E+ and E- have (RSP) 
with constant C, say. Suppose {xn,yn)nei is an interlaced pair of sequences with ||yn||s < 
lla^nlls = 1 and that {an)n€i is finitely nonzero. Then there exists m e / so that supp 
(xn + Un) C Z_ for n < m and supp (xn + Un) C Z+ for n > m. Now 

II J^ttnl/nlU < jam! + || ^ "nl/nlU + || X] "nl/nllfi 
n€/ n<m n>m 

Thus E has (RSP) with constant at most 2C + !.■ 

To simplify our discussion we introduce the idea of an order-reversal. Let E = E{J) 
be a Kothe sequence space. We let J = { — {n + 1) : n e J} and if a; e <^(J) we set 
x{n) = x{ — {n + 1)) for n E 3. Let -E'(J) be defined by = \\x\\e', then E is the order- 

reversal of E. Clearly (LSP) (resp. (RSP)) for E is equivalent to (RSP) (resp. (LSP)) for 
E. 

Next observe that if {wn)neJ satisfy Wn > for all n then the weighted sequence space 
E{w) = {x : xw e E} normed by ||a;||£;(-u,) = ||a:i(;||£; satisfies (LSP) (resp. (RSP)) if and 
only if E satisfies (LSP) (resp. (RSP)). 

Proposition 2.3. Let E = E{3) be a symmetric sequence space. Suppose E has either 
(LSP) or (RSP). Then E = ip{J) for some 1 < p < oo. 

Proof: For convenience of notation we consider only the case J = Z_|_ and (LSP) and 
leave the reader to make the minor adjustments necessary for the other cases. Let (wn)neN 
be any normalized positive block basic sequence in E{J). Select a„ e supp Un- Then 
{u2n, ea2n+i)ne'N is an interlaced pair. Thus 

II anCnlU < C'll ^ 0:nU2n\\E- 

neN n6N 

Similarly (ea2„_i , 'U2n)n€N is an interlaced pair and so 

II ^ OinU2n\\E < C\\ ^ anCnlU- 
neN nGN 

Thus (tt2n) is C^— equivalent to (e„) and similarly so is (tt2n-i)neN- It then follows that 
the basis (or basic sequence) (cn) is perfectly homogeneous and by a theorem of Zippin [39] 
(see Lindenstrauss-Tzafriri [24]) this implies that it is equivalent to the £p-basis for some 
p or the Co-basis; in the latter case we deduce that E = ^oo(J)- The result then follows. ■ 
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Proposition 2.4. Let E = E{Z+) be a Kothe sequence space with (LSP) or (RSP). If 
E contains a symmetric basic sequence then there exists 1 < p < oo and an increasing 
sequence {ak)k>o with ao = so that E = £p{E[ak, ak+i))- In particular, when E is 
separable, we have p < oo and any symmetric basic sequence in E is equivalent to the 
canonical (.p— basis. 

Remark: Of course there is a similar result if J = Z_. However in the two-ended setting 
J = Z we recall that E has (RSP) (resp. (LSP)) if and only if both E{Z+) and E{Z-) 
have (RSP) (resp. (LSP)). In particular, £p(Z_) e4(Z+) has (LSP) and (RSP) even if 
ri-p. 

Proof: We can suppose that {un) is a normalized symmetric block basic sequence. By 
an interlacing argument as in Proposition 2.3 it will follow that a subsequence (caj.) of 
the unit vectors is symmetric. Since the restriction of E to this subsequence has (LSP) 
or (RSP) it follows that it is equivalent to the £p-basis for some 1 < p < oo or to the 
Co —basis by Proposition 2.3. For convenience we suppose the former case and fix p. Let 
Ik = Ik = [ofe,afe+i)- Then, for suitable C, by an interlacing argument any normalized 
sequence (vk) supported on I^k is C— equivalent to the £p— basis; similarly any normalized 
sequence supported on hk+i is C— equivalent to the £p— basis and the first part of the 
result follows. For the last part, if E is separable then obviously p < oo and a simple 
blocking argument gives the result. ■ 

Remark: It is possible that E contains no symmetric basic sequence. Indeed, Tsirelson 
space T [37] and its convexifications provide examples of such spaces with (RSP) and 
(LSP) (see [10] and [12]). It is not diflScult to use Krivine's theorem [22] to show that if 
E = E{Z+) has (LSP) (or (RSP)) then there is a subsequence (e^^) of the unit vector 
basis so that for some C,p we have for all k and every k vectors xi,X2, ■ ■ ■ ,Xk with supp 
xi < supp X2 < ■ ■ ■ < supp Xk and supp (xi + • • • + x^) C {a^}^>i then 

k k oo 

n=l n=l n=l 

with appropriate modifications when p = oo. Thus any space E having either (LSP) or 
(RSP) and no symmetric basic sequence has a "Tsirelson-like" subspace. 

Problem: Does there exist a Kothe sequence space with (LSP) and not (RSP)? 

Let us remark that this is probably non-trivial. Indeed the corresponding question for 
simple shifts has been considered [3] and Bellenot has only recently given an example [2]. 

Lemma 2.5. Let E be a Kothe sequence space on 3 with (RSP); then there is a constant 
C so that whenever {xn^, yn)nei Is an interlaced pair of sequences with \\yn\\E < H^Cnll^; = 1 
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and {x^)nei ^'s a sequence in E* with supp a;* C supp Xn and (a;„) = ||a;^||£;* = 1 then 
the operator T defined by Tx = J2n&ii^'>^n)yn bounded on E with \\T\\e < C. 

Proof: For any x & E with finite support, Tx has finite support and we can define 
fif* G E* and a finitely nonzero sequence {an)nei so that H^t* || = l(n G /), supp gr* C supp 
2/n, \\Y.Cin9n\\E* = 1 and 

{Tx,^ang^) = \\Tx\\e. 

Thus 

\\Tx\\e = ^anX^{x) 

nel 

n6J 

^ IklUII y^^anXnWE* 

nel 

< C'lklbll J^anflfnlU* 

<C\\x\\e 

where C is the (LSP) constant of E* (which actually is the (RSP) constant of E by 
Proposition 2.1 and its proof). The result follows.^ 

Lemma 2.6. Under the hypotheses of Lemma 2.5, there is a constant Ci so that { Jn)nei 
is a sequence of intervals in J with < Jn+i whenever n, n + 1 E I, {xn)neij {yn)nei 
two normalized sequences with supp x^, supp C Jn and (x* ) is any sequence with supp 
X* C supp Xn and x* — 1 — Wx^We* then the operator 

= ^{^^^n)yn+l 
nel 

(where yn+i — Oifn + l^I)is bounded on E with \\T\\e < Ci. 

Proof: The sequence pairs {x2n, y2n+i)2n,2n+iei and {x2n-i,y2n)2n-i,2nei are interlaced 
and the lemma follows from 2.5 with Ci = 2C by simply adding.* 

Remark: If E is separable and has both (LSP) and (RSP) then Lemma 2.6 quickly shows 
that every normalized block basic sequence in E spans a complemented subspace; this 
property is, of course, enjoyed by Tsirelson space [12] (see also Casazza-Lin [11] for an 
earlier similar example). If this property holds for a symmetric sequence space then it is 
isomorphic to £p for some 1 < p < oo (see Lindenstrauss-Tzafriri [23] ) . 
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3. The shift properties for pairs. 

We next consider a pair of Kothe sequences spaces {E, F) modelled on J. We will say- 
that {E,F) has the (RSP) if there is a constant C so that whenever {xn,yn}n£i is an 
interlaced pair with ||j/n||s < ll^n||s = 1 and Xn,yn^O then there is a positive matrix T 
with \\T\\(^E,F) < C and Txn = Vn- We will say that the pair {E,F) has (LSP) if (F.E) 
has (RSP). If {E, F) has both (LSP) and (RSP) then we say that it has the shift property 



We first note that if (i?, F) has (RSP) then E has (RSP). Conversely it follows from 
Lemma 2.5 that if E has (RSP) then (E, E) has (RSP). 

In this section, we show that, under certain hypotheses, one can deduce (RSP) for 
the couple {E, F) from the property (RSP) for E alone. We will need some definitions. 
We define the shift operators for n G Z on c<;(J) by Tn{x){k) = x{k — n), where we 
interpret x{j) = when j ^ J. We define k+{E) = lim^^oo ll^nlli/"^ (which can be cxo in 
the case when ri is unbounded on E) and K-{E) = lim^^oo ||r_„||]/"^. We will also let 
p(n) = p{n;E,F) = \\en\\ e / \\Gn\\ f ■ We will say that {E,F) is exponentially separated if 
there exists /3 > and Co so that if m, m + n G J then p{m + n) > €^^2"^^^ p[m). 

Lemma 3.1. If K-{E)k+{F) < 1 then {E,F) is exponentially separated. 

Proof: Here we have p{m + n) / p{m) > (||T_n||£;||Tn||F)~-'^- The hypothesis then implies 
that for some > we have ||T_n||s||Tn||F < C2~"^ for some C > 0. The result then 
follows .■ 

Lemma 3.2. Suppose {E,F) is exponentially separated. Then there is a constant Ci so 
that if supp X C [a, 6] then 



(SP). 



C^^p{a)\\x\\F < \\x\\e < Cip{b)\\x\\F. 



Proof: Suppose x = J^^. 



k=a 



x{k)ek- Then 




< ^ \x{k)\p{k)\\ek\\F 
<CoY,p{h)2-^^'-'^Mm\ek\\F 



oo 




<Cp{h)\\x\\F 



for a suitable constant C. The other inequality is similar.* 
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Lemma 3.3. Let E,F be a pair of Kothe sequence spaces satisfying < 1. 

Suppose E has (RSP). Then {E,F) has the (RSP). Similarfy if F has (LSP) then {E,F) 
has (LSP). 

Proof: We first note that it is only necessary to prove the first statement since (F, E) 
will satisfy the same hypothesis K-{F)k,+ {E) < 1 and F will have (RSP) if F has (LSP). 

We refer back to Lemma 2.5; it is clear that there exists Cq so that if {xn,yn}nei is 
a positive interlaced pair with ||j/n||s < ll^nll^; = 1 then if we pick a;* > with supp a;* C 
supp Xn and {xn,x^) = ||a;*||£;* = 1 for n e / then ||T||£; < Cq where 

neA 

Obviously T is a positive matrix. We now compute Suppose k e supp where 

n & I. Then, since supp C (— oo, A;) and yn{k)ek < j/n; 

|Ta;(A;)| = \x^{x)\ynik) < |k(_oo,fc) ||s||efe||^^ 

Now 

lk(-oo,fe)IU < Yl \^(M\ej\\E 

j<k 

< llefelU J^|a;(j)|||T,-fc|U• 
J<fc 

We have 

\Tx{k)\<J2\n-jxm\rj-k\\E 
and hence, since Tx{k) vanishes for all coordinates not of this form, 

QO 

\Tx\ < ||T_j||£;|T-'a;|. 

The hypothesis k,-{E)k+{F) < 1 implies that there exists M and < 5 < 1 so that 
||t_j ||£;||T,||i? < M5^ for j > 0. Hence: 

oo 

||Tx||F<^M5^||x||i. 
i=i 

so that \\T\\f < Ci for some constant C\ depending only on F. ■ 

Although Lemma 3.3 is enough for most of our purposes, there are some possible 
modifications. First we give a simple argument in the case F = i^o, which will be useful 
later. 
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Lemma 3.4. Suppose E is a Kothe sequence space with (RSP) and that F = ^oo(J)- 
Suppose {E, F) is exponentially separated. Then {E, F) has (RSP). 

Proof: We may assume that for some Cq, (3 > we have ||e^||^; < Co2~^^\\em+n\\E- In 
this case we proceed as in Lemma 3.3 but note that 

||Tx||F = sup|rx(/c)|. 

k€J 

If /c e supp yn, 

\Tx{k)\ = \{x,xl)\y^ik) 

< ||a^(-cx),fe)IUI|efe||^^ 

j<k 

<Co^|a;,-|2-^('=-^) 

j<k 

< Ci\\x\\f 

for a suitable Ci. ■ 

Another version of Lemma 3.3, which actuaUy generahzes Lemma 3.4, is given by: 

Lemma 3.5. Suppose {E, F) is exponentially separated, E has (RSP) and that either (a) 
there exists 1 < p < oo so that E has a lower p-estimate and F has an upper p-estimate 
or (b) E is r -concave for some r < oo and there exists 1 < q < (yo so that E has an upper 
q-estimate and F has a lower q-estimate. Then [E, F) has (RSP). 

Proof: For (a) we note that the case p = oo is essentially covered in Lemma 3.4. Suppose 
p < oo. By Lemma 3.2 there is a constant Ci so that if supp x < supp y then ||a;||£;||y||i? < 
C'i||a;||F||y||£;- There is also a constant C2 so that if tti, . . . , are disjoint vectors in E or 

n n 

iT.\\^jrEV^'<c2\\j2^A\E 

n n 

\\J2^A\F<c,{j2\\u,r^y/^. 

We suppose {xn,yn)nei is a positive interlaced pair with Hj/nlls < ll^nlls = 1- Define T as 
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in Lemma 3.3, and set Jk = supp a;^. Now if x & F, 

\\Tx\\f = II ^ xl{x)yk+i\\F 

keA 
keA 

<C2C^{J2\\xJXFy^' 

keA 

<CICMf 

and (a) follows. 

We turn to the proof of (b). Let 1 < p < oo be conjugate to q. Then E* has (RSP) by 
Proposition 2.1. Also {E*,F*) is exponentially separated, and E* has a lower p-estimate 
while F* has an upper p-estimate; thus by (a) the couple {E*,F*) has (RSP). It follows 
that {F*,E*) has (LSP). We further can assume, by renorming, that E has an upper p- 
estimate with constant 1 and an r-concavity constant 1 (apply Lindenstrauss-Tzafriri [25] 
p. 88 Lemma l.f.ll to E*.) Let Ci be the associated (LSP) constant for this couple. We 
first prove a claim: 

Claim. There exist constants C2 and 5 < 1 depending only on {E, F) with the following 
property. Suppose {xn,yn}nei a positive interlaced pair of sequences with \\xn\\E = 
||yn||_E = 1- Then there is asubset D of J, and a positive matrix operator S with ||<S'||(s,f) < 
C2 so that Sxn = PdVu and \\yn — PdUuWe < S, whenever n & I. 

Choose x^>0 with supp x^ C supp Xk and H^c^Hi; = ||^Cfe||s = {xk,x^) = 1- Similarly 
choose > with supp C supp yt and \\yl\\E = \\yk\\E = {Vk-tVl)- We begin by using 
the (LSP) property of (F*, E*) to produce a positive matrix V orv E with ||F||(£'^i?) < Ci 
and V*yl. = xl whenever k e I. Thus {Vxk,yl) = 1. 

Fix T > small enough so that |t — ^C'f = 7 > 0. Let Dk be the set of j e supp yk 
so that 2Vxk{j) > yk{j)- Let D — UkeiDk- Clearly there is a positive matrix 5' with 
||'S'||(£,F) < 2Ci = C2 and Sxk = Poyk- Now observe that {Vxk — PoVxk, y%) < | so that 

1 

{rPoYxk + yk - PDyk.Vk) > 1 + ~ WPnykWE- 

Thus 

1 + - WPDVkWE < {CIt^ + lY'" < 1 + -CfrP. 
2 p 

Upon reorganization this yields: 

\\PDyk\\E>lT--C',TP = ^. 

2 p 
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This in turn implies 

\\yk-PDyk\\E<{i-i''Y^'' = 5<i. 

This estabhshes the claim. 

To complete the proof from the claim is quite easy by an inductive argument. We may 
clearly construct a disjoint sequence of subsets (-Dn)n>i of J and a sequence of positive 
matrix operators {Sn)n>i with [[(^^[[(s,^) < 2Ci5"~-^ and so that SnXk = PD^Uk and 
WVk - Z)"=i PojUkWE < 5"^- The operator T = is a positive matrix and Txk = yk', 

further ||T||(£,j^) < 2Ci(l - 6)-^.m 

Proposition 3.6. Suppose {E, F) is a pair of Kothe sequence spaces. Suppose either : 

(a) {E,F) is exponentially separated, F is r-concave for some r < oo, and there exists 
1 < p < oo so that E has a lower p-estimate and F has an upper p-estimate. 

or 

(b) K-(E)k+(F) < 1. 

Then {E, F) has (SP) if and only if E has (RSP) and F has (LSP). 

Proof: (a) We use Lemma 3.5 to show that {E, F) has (RSP) and (F, E) has (RSP) and 
the result follows. 

(b) This is immediate from Lemma 3.3.B 



4. Calderon couples of sequence spaces. 

We now turn to calculating the K-functional for an exponentially separated pair. 

Lemma 4.1. Suppose {E,F) is exponentially separated. Then there is a constant C2 so 
that if p{a) <t<p{a + l) 

K{t, X) < ||a;(_oo,a] We + t\\X(^a,oo) \\f < C2K{t, x). 

In particular, 

lk(-oo,a]IU + p(a)|k[a,oo)||F < C2K{p{a),x). 

Similarly if t < p{a) for all a (in the case 3 = Z+ ) then 

t\\x\\F < C2K{t,x) 
while if t > p{a) for all a (when J = Z_J then 

\\x\\e < C2K{t,x). 

Proof: If supp x C (—00, a] then it follows from Lemma 3.2 that CiK{p{a).,x) > \\x\\e- 
Similarly if supp x C [a, 00) then CiK{p{a).,x) > p(a)||a;||_F. Combining these statements 
gives the results.* 
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Theorem 4.2. Suppose {E,F) is exponentially separated and forms a Calderon pair. 
Then E satisGes (RSP) and F satisGes (LSP). 

Proof: First we remark that it suffices to prove the result for E. Once this is established 
we can apply an order-reversal argument to get the result for F. Indeed (F, E) is also 
exponentially separated and a Calderon pair; thus F has (RSP) and F has (LSP). 

We will suppose that p(m) < Co2~"^p(m + n) for m, m + n e J and that Ci and C2 
are the constants given in Lemmas 3.2 and 4.1. 

We now introduce a notion which helps in the argument. An admissible pair is a pair 
{x,I) where / is a finite interval in J and a; is a positive vector with supp x (Z I, max( 
supp x) < max/, and ||a;||£; = 1. An admissible family is a finite collection = {xk, Ik)k^i 
of admissible pairs so that (Ik) are pairwise disjoint. We define supp = U/fc- If ^ is an 
admissible family then we define T{J^) to be the least constant M so that if {yk)k^i satisfy 
||yfc||s < 1) supp Uk C Ik and supp x^ < supp yk, then there exists T e A{E,F) with 
< M and Txk = yk ioi 1 < k < n. Notice that since max(supp x^) < max/^ 
there is "room" for some yk satisfying our hypotheses. It is not difficult to show that 
such a r(.F) is well-defined since we can restrict the problem for each such family to a 
finite-dimensional space. 

We next make the remark that if T is such an optimal choice of operator then T can be 
replaced without altering its norm by Ylk=i Pik^Pik- Thus it can be assumed that Tx = 
for any x whose support is disjoint from U/fc. Now suppose JF and Q are two admissible 
families with disjoint supports so that their union JF U ^ is also admissible. Then using 
the above remark it is clear that we can simply add optimal operators to obtain that 

(1) r{j^ug) <r{j^) + r{g). 

Next suppose JF is a single admissible pair (a;,/). Suppose y is supported on / and 
satisfies \\y\\E < 1, and supp x < supp y. Then we can choose x* e E* with = 1 

supp X* C supp X and {x,x*) = 1. Consider the operator S defined by — {^,x*)y. Of 
course \\S\\e < 1- Now suppose the maximum of supp x is a. Then 

\\SaF<\\y\\FUi-oc,a]\\E 

<cmF 

where Ci is the constant of Lemma 3.2. Hence T{J^) < . It then follows by the addition 
principle (1) that if \J^\ = n then T{J^) < nCf. 

Now we seek to prove that T{T) is bounded over all admissible families. Let us 
suppose on the contrary that it is not. We then can construct inductively a sequence of 
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admissible families (Tn) for n e N and an increasing sequence of integers (m„) so that 
supp J^n C [—mn, rUn] and T{J^n+i) > ^{n + 1) + (2mn + 2n+ 1). 

Now refine J^n by deleting all pairs {x,I) so that / intersects [— — n,mn + n]. 
This removes at most 2mn + 1 pairs and creates a new admissible family J^^ so that 
r(J^4) > n{n + 1). The families T!^ are now disjoint. If we write the members of J^!^ in 
increasing order of support as (xk, Ik)k=i then we can define Tn,r for < r < n to be the 
family of all (x^, Ik) where k = r mod (n + l)). At least one of Tn,r satisfies T{J^n,r) > nhy 
(1). Call this family Qn- We note that if (x, /) and {y, J) are two consecutive members of Qn 
then I + n < J (since n nontrivial intervals in lie between / and J.) Furthermore there 
is a gap of at least n between any interval represented in Q^i and any interval represented 
in Qk for some k < n. 

Finally let us consider the union of all Qn for n > 1. This may be written as a sequence 
of admissible pairs {xk, Ik)keA where A is one of the sets Z, Z_, Z+ and Ik < Ik+i for all 
k, k + 1 G A. Let us write Ik = [cik, bk]- Then bk < ctk+i whenever /c, k + 1 G A. Furthermore 
the gaps between the intervals tend to infinity as \k\ oo. Precisely, if ak = {ak+i — bk) 
then lim|/j|^oo ak = oo. Now let dk =max (supp Xk) so that ak < dk < bk- Let Jk — {dk, bk] 
for k e A. 

We now claim: 

Claim. There exists a Gnite subset Aq of A and a constant M so that if = ^ \ ^o, 
and {yk)keAi is any sequence satisfying \\yk\\E = 1 and supp yk C Jfc, then there exists 
T G AiE,F) with \\T\\^E,F) < M and \\Txk - ykWs < \. 

Let us first assume the claim is established and show how the proof is completed. 
Under these hypotheses we consider the space y = £oo{E{Jk))keAi and the map S : 
A{E,F) y defined by S{T) = {Pj^,TkXk)keAi- Clearly \\S\\ < 1 and it follows from 
the claim that if y = {yk)keA-i G y there exists T G A{E,F) with \\T\\(e,f) < M\\y\\ 
and ||5(T) — y|| < |||y||. By a well-known argument from the Open Mapping Theorem 
this is enough to show that S is onto and indeed if ||y|| < 1 then there exists T with 
||T||(s,^) <2Mand S{T)=y. 

Now suppose Qn = {(a^fe, 4)}fceB„ where Bn C Ai. Then if {yk)keBr, satisfy \\yk\\E < 
1, and supp Xk < supp yk C Ik it follows that there is an operator T G A{E,F) with 
\\T\\iE,F) < 2M and Pj.Txk = yk- If we set Tq = T.keB^ PjuTPiu then ||To||(i,,F) < 2M 
and TQXk = yk- Thus T{Qri) < 2M. Now since is finite we conclude that T{Qri) < 2M for 
all but finitely many n. This contradicts the original construction of Gn- The contradiction 
shows that there is a constant Mq so that T{T) < Mq for all admissible families J^. In 
particular if we have a finite set of finitely supported vectors xi,X2, ■ ■ ■ ,Xn,yi, ■ ■ ■ ,yn so 
that supp xi < supp yi < . . . < supp Xn < supp yn and = 1 for all k and < 1 
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then there is an operator T : E ^ E with \\T\\e < 2Mq and Txk = Vk- Hence for any 
Q!i, . . . , Q!„ we would have 

n n 

II XI "'=^'=11^ - 2Mo|| y^ctfcajfcll 
fe=i fe=i 

and this means that E has (RSP). 

Thus it only remains to prove the claim. We start by defining a sequence {Xk)keA 
such that Xk+i — Xk = \ficrk- We next make some initial observations. Let us suppose that 
supp Uk C Ik ioT k e A and ||ttfc||s = 1 for all k. We claim that there exists a constant C3 
independent of the choice of (uk) so that if A; e ^ then 



(2) |l5^2^%j||£<C32^'^ 

j<k 

and 

(3) \\J2'2^'Uj\\F< 032^" \\Uk\\F. 

j>k 

In fact (2) follows easily from the fact that ii j < k then 

1 1 

i=j 

For (3) we note that if j > k, 

< CiCo2-^('*^-'"=)p(6fe)-i 
<Ci2Co2-^("^-^'=)||«fe||j. 

< CfCo2-'^^^^-^'^^\\uk\\F 

so that 

2^'\\uj\\F < Ci2Co2-^^(^-'=)2^'=||wfe||i. 

from which (3) will follow. 

In particular let us define z = X^feeA ^'^''^fc- The above calculations show that z e 
E+F. Since {E, F) is a Calderon couple there is a constant Mq = Mo{z) so that if tt e E+F 
and K{t,u) < K{t,z) for all t then there exists T e A{E,F) with ||T||(£;_i;') < Mq and 
Tz = u. 
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Now suppose {yk)keA is any sequence with ||j/fe||s = 1 and supp yk C Jk- We set 
V = 2'^'° J/fe & E + F. We turn to comparing K{t, v) with K{t, z). Let us note first that 
for every k & A we have 

WVkWF < Cip{dk)~^ < Ci ||a;/c||F. 
If t satisfies t < p{ak) for all k then we must have A = Z+ and we make the estimate 

K{t,v) < t\\v\\F < C3t2^°\\yo\\F < C3Cft2^°\\xo\\F 
so that by Lemma 3.3, 

K{t,v) <C3C2ClK{t,z). 

Similarly if t > p{bk) for all A; e ^ then we can have A = Z_ and we make a similar 
estimate 

Kit,v) < \\v\\e < Cz2^-' < C3\\zia_„b.r]\\E < C2CzK{t,z). 

In the other cases we first consider the case when p{n) < t < p{n + 1) for some n in 
an interval [0^,^^). Then K(t,Xk) > tC^^ p{dk)~^ by Lemma 3.2. 
Hence 

= Cst2^''\\yk\\F 

<C3Cf2^'^K{t,Xk) 
<C3CfK{t,z). 

If k is the initial element of A we are done. Otherwise: 

K{t,v^_^,a,))<Cs2^'-' 

< Cs\\Z(^_oo,ak)\\E 

<CsK{t, z). 

Combining in this case we have K{t,v) < CK(t,z) for some constant C depending only 
on Ci, C2 and C3. 

For the final case, we can suppose there exists n not in any interval [a^, dk) and such 
that p{n) < t < p{n + 1); it may also be assumed that there exists k E A with k + 1 E A 
and dk < n < ak+i- Then by Lemma 3.3, 

lk(-oo,n] ll-E + *|k(n,oo) \\f < C'2-fC(t, z). 
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Now 
Also 

||'i^(f„,oo)||F < C2,2^'^+^\\yk+l\\F < CICz\\z(^^^o^)\\f- 

Thus combining all the cases there exists C4 independent of {yk) so that K(t,v) < 
C4^K(tj z). Hence there is an operator T G A{E, F) with Tz = v and ||T||(^ < C4M0. 
Now for fixed k & A assume first that k is not the initial element of A. Then 

Thus we have that 

\\T{z^-oo,a,))\\E < C4C3Mo2-^^--^2^'=. 

If k is not the final element, 

lk(6„oo)||F<C32^'=+M|yfc+l||F 

< CiC32^'=+V(afc+i)~' 

< CoCiC32^'=+i-^-V(&fe)"'. 

Thus if / = T {z(^hk, 00)) {dk,bk] ^hen 

||/||£;<Cip(6,)||/||^ 

< CiC4MQp{bk)\\z(^b^^^)\\F 

It follows that if k is not an initial or final element of A^ 

\\yk-Pj,Txi,\\E<C^Mo2-"^l^^'^ 

where C5 is a constant depending only on E and F and = min(crfc_i, crfc). Now if we set 
S = J2keA^Jk'^^ik then ||S'||(£;,f) < C^Mq. Further if we let Ai be the set of k E A so 
that k is not an initial or final element and Ck,Mq2~^^'^'' < 1/2 then Aq = A \ Ai is finite 
and \\Sxk — yk\\ < 1/2 for k G Ai. Thus the claim is established and the proof is complete.^ 

Lemma 4.3. Suppose {E,F) satisfies (RSP). Then there is a constant C so that if < 
X, y G E + F and \\y(-oo,a]\\E < ||a^(-oo,a] ||f for all a & J then there exists a positive 
T G A{E, F) with \\T\\^E,F) < C and Tx = y. 

Proof: By applying the argument of Lemma 2.6 we deduce from (RSP) the existence of 
a constant Cq so that if A is an interval in Z, {Jk)k&A is a collection of finite intervals in J 
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with Jfe < Jk+i whenever k,k + 1 & A and {xk)keA, {yk)k£A are positive and satisfy supp 
Xfc, supp Uk C Jfe and < ll^fells for k,k-\-l & A then there is a positive matrix 

operator T with ||T||(£; j?) < Cq and Txk = Uk+i whenever k, k + 1 & A. 

Let us prove the lemma when x, y have disjoint supports. We first define a function 
(7 : Z ^ Z U {±00} by setting a{k) = —00 if A; < J, a{k) = 00 if k > 3 and otherwise a{k) 
is the greatest j E ZU {—00} so that ||a;(_oo,fe] ||s > 4:-' ■ 

Let Iq = {k e 3 : a{k) > a{k — 1)}. We then let / be the subset of Iq of all k so that 
for every n E Iq with n < k then ||a;(_oo^„] H^; < |||a;(_oo,fe]||£'- 

We can now index / as {an)neA where A is an interval in Z which can be assumed to 
have as its initial element if / is bounded below. 

We now define B to be Z_ when inffe£Z'7(/c) > —00 and to be empty otherwise. 
We will only need to introduce B in the case when limo^-00 ||^(-oo,a] lis > 0. If B is 
nonempty then / is bounded below and there exists a greatest A so that ||a;(_oo,fe]||£ > 4'^ 
for every k (in this case J cannot be bounded below). We must have ||a;(_oo,fc]||£ < '^^'^^ 
whenever k < oq. It follows that we may pick a_i so that ||a;(a_^^ay] \\e > and then 

inductively a_n so that ||a^(a_„,a_(„_i)] lis > 4-^"^- 

In this way we define iar,)neAuB- We now let Xn = X(^ar,-i,a^] and = 2/(a„_ia„] 
if n e A U 5 is not the initial element of ^ U 5; if n = is the initial element we let 
xo = X(_oo,ao] and yo = y(-oo,ao]- If is the final element of ^ U -B we set y^+i = y(a„,oo]- 
We may now verify that "^neAuB < We also claim that YlneAuB Vn+i = U- If 
A\J B = Z this is clear. If ^ U S = (— 00, n] for some n it follows from our definition of 
yn+i- If ^ U 5 is bounded below (by 0) then B is empty and hence a{ao — 1) = —00. Thus 
yo = and we obtain our claim easily. 

We first prove that if n, n + 1 E A then a{an+i — 1) < c(an) + 1- If not there exists a 
first ki so that a{ki) > a{an) + 1 and a first k2 so that a{k2) > cr(an) + 2 and an < ki < 
k2 < an+i - 1. Then ki,k2 are in Io\I. Thus ||a;(_oo,a„] lU > |||a;(_oo,fci]||s- The equality 
ki = k2 would entail ||a;(_oo,fci] ||s > 4'^('*")+2 and thus ||a;(_oo,a„] jj-B > 4'^(''")+^ which 
contradicts the definition of cr(an). Thus ki < k2 and we conclude also that ||a;(_oo,fci] 11^^ > 
I ||a;(_<x)^fc2] lis so that ||a;(_oo^a^] ||b > 2ll^(-oo,fc2]l|£^ which implies the absurd conclusion 
c(^2) < c(an) + 1- Thus, as claimed, (7(0^+1 — 1) < c(an) + 1- 

The same argument shows that if A is bounded above then if A; > a„ we must have 
a(k) < a(an) + 1. 

Now if n, n + 1 e ^ we can argue that since x, y have disjoint supports that j/n+i is 
supported on (an,On+i) and thus jjyn+ijjs ^ oo,a„+i — < 4'^("")+2. Similarly, let 
n be the last element of A. Then for all k > an ||j/(-oo,fe]||s < ||a;(_oo,fc] jjs < 4^('=)+i < 
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On the other hand, if n is not the initial element of 

If 77, = is the initial element, we either have, if S = 0, = a;(_oo,oo] so that ||a;o|| > 4°'(°'°) 
or if S then ||a;i|| > 4^(«o)-i. in all such cases, if n e ^ we have ||yn+i|U ^ 4^lkn|U- 

Next suppose n,n + 1 e B. Then ||j/n+i||s < ||3^(-cx),a„+i)||s ^ '^^'^^ while \\xn\\ > 
4^-1. Thus ||yn+i|U < 42||a;n||£. 

Finally, consider the case n = —1 E B and n + 1 = e A. Then since qq is in the 
support of X we have Hj/n+ills < ||2^(-oo,ao-i)ll-E < 4'^"''-'-. However ||a;„||£ > 4'^~^ so that 
||yn+i||E < 42||a;n||s- 

Combining all cases, we conclude that there is a positive operator T with ||T||(£;^^) < 
4^Co so that Txn = Vn+i- Now it is clear that Y^neAuB Xn < x while Y^neAuB Vn+i = U- 
Thus if = ^„£^uB ^supp y„+iTPsupp x„ then ||5'||(e,f) < 64Co and Sx = y. Thus the 
lemma is established in the case when x and y have disjoint supports. 

For the general case we let / = {n G J : yn > 2x^}. Let J = J \ I. Then set u = xj 
and V = yi. For any /c G J we have ||a;7n(-oo,fc] ||e < ^ ||y(-oo,fc] ||b < |||a;(_oo,fc] Thus 
||'f^(-oo,fc] ll^; ^ |||3^(-oo,fc] Hence there is a positive operator 5" in A{E,F) with Su — v 
and ||5'|| < 128Co. On the other hand yj < 2x and so there is a multiplication operator 
V G (-E, F) with ||V^||(£,F) < 2 and Fx = yj. Finally the operator T — SPj + V establishes 
the lemma.H 

Lemma 4.4. Suppose {E,F) is exponentially separated and satisGes (SP). Then there 
exists a constant C so that ifO<x,y&E + F and K{t, y) < K{t, x) for all t > then 
there exists a positive matrix T G A{E, F) with < C and Tx = y. 

Proof: It follows from Lemma 4.1 that there is a constant C2 so that for all a G J we 
have, whenever K{t, y) < K{t, x) for all t > 0, 

max(||y(_oo,a]IU,p(a)||y[a,oo)||F) < 2C2 max(||a;(_oo,a] lU, p(a)||a;(o,oo)||F)• 
Thus for every a either 

(4) ||y-oo,a]||£ <2C2\\ ^(—00,0] lis 

or 

(5) \\y[ a,oo) 

IIf <2C2|| 

^[0,00) ll-F- 

Let Ji be the set of a so that (4) holds and let J2 = J \ Ji. Since {E, F) has (RSP) we 
can apply Lemma 4.3 to deduce the existence of a positive matrix Ti with ||Ti ^ C'3 

where C3 depends only {E^F) and Tix = yj^. Similarly since {E,F) has (LSP) we can 
find a positive matrix T2 with ||T2||(_b,f) < C3 so that T2X = yj^. Then (Ti + T2){x) = y. m 
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Theorem 4.5. Let {E, F) be a pair of Kothe sequence spaces. Suppose either: 
(a) k_{E)k+{F) < 1. 



or 



(b) {E, F) is exponentially separated, F is r-concave for some r < oo and there exists p 

with 1 < p < oo so that E has a lower p-estimate and F has an upper p-estimate. 

Then {E, F) is a (uniform) Calderon couple if and only if E has (RSP) and F has (LSP). 

Proof: This is an immediate deduction from Proposition 3.6, Theorem 4.2 and Lemma 



Remark: Note that in fact Lemma 4.4 imphes that under these circumstances if K{t, y) < 
K{t,x) for all t and x,y >0 then there is a positive operator T with j?') < oo and 



The following theorem is similar to results of Cwikel and Nilsson [18]. 

Theorem 4.6. Let E, F be symmetric sequence spaces on Z_|_ and suppose {E, F{w)) is 
a Calderon pair for a weight sequence w = (wn). Then either F{w) = F (i.e. < inf Wn < 
sup Wn < oo) or E = £p, F = £q for some 1 <p,q< oo. 

Proof: If (wn) is unbounded we can pass to a subsequence satisfying Wn^. > 2wn^_^. 
Then the pair F{wn^.)) is a Calderon pair and we can apply Theorem 4.2 to get that F 
has (RSP) and E has (LSP). An application of Proposition 2.3 gives the result. If {w~^) 
is unbounded we can argue similarly.a 

5. Calderon couples of r.i. spaces. 

Let Q denote one of the sets [0, oo), [0,1] and N. Let J be the set Z, Z_, or Z_|_ 
respectively. If X is an r.i. space on fl (or a symmetric sequence space if = N) we will 
associate to X a Kothe sequence space Ex on J. To do this let e„, n e J be defined by 
Cn = X[2",2("+i))- We then define for x e w{3), 



(Here we use with a dual meaning as both the canonical basis element of ^(J) and as an 
element oi X{Q).) We observe that Ex regarded as a subspace of X is 1-complemented by 
the natural averaging operator. Notice also that Ex* = -£"^(2"^) is a weighted version of 
E^. We also note that on Ex we can compute ||Tn||sx ^ ||-D2"||x where Ds is the natural 
dilation operator. Furthermore it is easy to see that for / e X we have D^nf* < Tn+iPf* 
where P is the natural averaging projection of X onto Ex', thus ||D2"||x < llTn+iHsx- 
Thus K,+ {Ex) = and K-{Ex) = 2~^/'^^ where px and qx are the Boyd indices of 

X. 



4.4.- 



Tx = y. 




feeJ 
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We now show how to build examples of r.i. spaces from sequence spaces. To keep 
the notation straight we prove our results for the case of function spaces fl = [0, 1] or 
f2 = [0, oo). However simple modifications give the analogous results for sequence spaces. 

Proposition 5.1. Let E be a Kdthe sequence space on J. Then: 

(1) If K-\-{E) < 2 there is an r.i. space X — X{Q) so that \\f\\x is equivalent to 

|IEn6j/*(2^)en||E. 

(2) If K-{E) < 1 < < 2, and X is an r.i. space so that \\f\\x is equivalent to 
II ZlneJ /*(2'^)en||s then Ex = E (up to equivalence of norm). 

Proof: (1) We define X to be the set of measurable functions on such that 

\\f\\x = \\J2r{2-)en\\E<oo. 

neJ 

We show that the functional ||/||x is equivalent to a norm by computing where 
r*it) = Uof*(')ds. Then 

f**{2'') < 2-" 2^f*{2''). 

k<n 

Thus 

oo 

wrwx <J2'^-'\\^jCEnnen)\\E. 

3=1 n6J 

Thus since Kj^{E) < 2 there is a constant Ci so that ||/**||x < C'i||/||x- Since / ||/**||x 
is plainly an r.i. norm and the set {/ : < 1} is closed in measure it is clear that X 

is an r.i. space. 

(2) Let II II X denote the quasinorm induced by E. We remark that it follows from 
(1) that there exists a constant C2 so that for f E X we have ||/**||x < C'2||/||x- Now, 
considering the i?x-quasinorm induced on a; (J) it is clear that if a; is a nonincreasing 
sequence then ||a:||£;^ = ||x||£;. In general we note that if / G Ex then for some C3 = 

l|max|r_j/|||E < Csjl/jls 
j>o 

so that 

ll/IUx<Ci||/|U. 

For the converse direction we observe that if / e X it is trivial that ||D2j /||x < ||tj||£||/||x- 
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Then 



\\f\\E < II ma.x\T-jf\\\E 




<llE^2-.|/|||x 



i>o 



<Y,\\D2-.r\\x 



j>0 



<c3iir*iu 

<C'2C3||/|U. 



Thus Ex is (up to equivalence of norm) identical with E. ■ 

Remark: It follows from the above Proposition that there is a natural one-one corre- 
spondence between r.i. spaces X with Boyd indices satisfying 1 < px < 9x < oo and 
sequence spaces i? on J with K-{E) < 1 < k^{E) < 2 determined by i? = Ex- Under this 
correspondence if 1 < p < oo an r.i. space X with gx < cxo is a Lorentz space (of order p) 
if and only if Ex is a weighted £p— space. For if 



where w is an increasing function satisfying 1 < mfw{2t)/w{t) < supw{2t)/w{t) < oo 
then the above Proposition shows that Ex = ip{wn), where Wn = w{2^). Conversely if 
Ex is an £p— space then Ex = ip{wn) where the assumption that qx < oo enables us to 
assume infwn+i/wn, > 1. If we define w{t) — Wn whenever 2"~^ <t<2^ then it is easy 
to see that X is a Lorentz space. 
We now prove the elementary: 

Proposition 5.2. Let {X,Y) be a pair of r.i. spaces on Q. Then {X,Y) is a Calderon 
couple if and only if {Ex, Ey) is a Calderon couple. 

Proof: By using the averaging projection it is clear that if (X, Y) is a Calderon couple 
then so is {Ex, Ey) - In fact it is trivial to see that for / e Ex + Ey we have K{t, /; X, Y) = 
K{tJ]Ex,Ey). Thus if K{t, g; Ex, Ey) < K{t, f; Ex, Ey) for aU t there exists T G 
A{X,Y) so that Tf = g. UP is the averaging projection then PT e A{Ex,Ey) and 



Conversely suppose {Ex,Ey) is a Calderon couple. Suppose f,g G X + Y and 
K{t,g;X,Y) < K{t,f;X,Y) for all t > 0. We then observe that if G = En€J ^*(2'')en 
and F = E„ej /*(2")en then g* < G < L>2^* and J* <F< L>2/*. and 

K{t, G; X, Y) < K{t, D^g*; X, Y) < 2K{t, /; X, Y) < 2K{t, F; X, Y). 




PTf = g. 
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Since F, G are in Ex + Ey we can deduce the existence of T e A{Ex,Ey) with TF = G. 
Now since F < -D2/* and ^* < G it is clear that there exists S G A{X, Y) with Sf = g.m 

Remarks: It now follows that every pair of Lorentz spaces whose Boyd indices are finite 
is a Calderon couple, since every pair of weighted £p— spaces is a Calderon couple (cf. [36], 
[13]); this result is due to Cwikel [14] and Merucci [30] for certain special cases. 

We introduce the following definitions. We say X is stretchable if Ex has (RSP) and 
we say that X is compressible if Ex has (LSP). If X both stretchable and compressible, we 
say that X is elastic. It is immediate from Proposition 2.1 that X is stretchable if and only 
if X* is compressible and vice versa; thus elasticity is a self-dual property. We remark that 
we have no example of a stretchable (or compressible) space which is not already elastic. 
In fact we shall see that for Orlicz spaces these concepts do indeed coincide. 

Theorem 5.3. Let (X^Y) be a pair of r.i. spaces on fl whose Boyd indices satisfy py > qx- 
Then {X, Y) is a Calderon couple if and only if X is stretchable and Y is compressible. 

Proof: As k_{Ex) = 2-Vqx ^nd K+{Ey) = we have K,-{Ex)K,+ {Ey) < 1 and so 

the theorem is immediate from Theorems 4.5 and b.2.m 

If one space is L^q we can do rather better. 

Theorem 5.4. Let X be an r.i. space on Q = [0, 1] or Q = [0, 00). Then (X, Lqo) is a 
(uniform) Calderon couple if and only if X is stretchable. Similarly if X is a symmetric 
sequence space then {loo, X) is a (uniform) Calderon couple if and only if X is stretchable. 

Before proving Theorem 5.4 we state a result which has a very similar proof. We 
remark that Theorem 5.5 only improves on Theorem 5.3 under the assumption that py = 
P — Qx since the case py < qx is already covered. 

Theorem 5.5. Suppose (X, Y) is a couple of r.i. spaces on fl so that for some 1 < p < 00 
X is p-concave and Y is p-convex and suppose also that Y is r -concave for some r < 00. 
Then {X, Y) is a (uniform ) Calderon couple if and only if X is stretchable and Y is 
compressible. 

Proofs of Theorems 5.4 and 5.5: Theorem 5.4 corresponds to the case p = 00, and 
Y = Loo- We can and do assume that the p-convexity constant of Y and the p-concavity 
constant of X are both equal to one. Under this hypothesis it is easy to see that, when 
p < 00 2~'^/^||efc||x is increasing and 2~'^/^'||efe||y is decreasing. Thus for p < 00, p{k) = 
||efe||x/||efe||r is an increasing function and p{k + 1) < 2p{k) whenever k,k + 1 & 3. Then 
for /c e J we let 4 = {n e J : 2^= < p(n) < 2''+^}. 

Before continuing let us make remark which we use several times in the proof. As- 
suming p < 00 suppose /, g are two finitely supported functions in Ex which satisfy 
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Il/llp = hWp and 

{ns)rds< [ {g%s)rds 

Jo 

for every t > 0. Then we have the inequahties < II^IIy and ||/||x < ll^llx- In fact it 

foUows from a well-known lemma of Hardy, Littlewood and Polya, [19], [25], p. 124, that 
|/*|^ is in the convex hull of the set of all rearrangements of \g*\'^; this can be proved by 
partitioning the supports of /*,^* into finitely many sets of equal measure. The assertion 
is then a direct consequence of the definitions of p-convexity and p-concavity. 

We make some initial remarks which will be needed in both directions of the proof. 
Each set If- is an interval (possibly infinite) or is empty. The set of k so that Ik is nonempty 
is an interval A. Let E{Ik) be the linear span of (cn : n E Ik) when k e A. We state the 
following Lemma. 

Lemma 5.6. If f,g E E{Ik) then, under the hypotheses of Theorem 5.5, 

||/IUIbl|p<2||/||p||^|U 

\\f\\Y\\g\\p<nf\\p\\g\\x 

where \\ \\p denotes the usual Lp-norm, so that \\ ^OikGkWp = 
Under the hypotheses of Theorem 5.4, we have 

||/IUIb||oo<4||/||oo|blU. 

Proof: In fact suppose f,gE[en:a<n<b] where a,b E Ik, and that neither is zero. 
We may observe that for alH > we have 

2-" f{el{s)Y)ds > 11/117 [\ns)rds > 2-' l\el{s)Yds 
Jo Jo Jo 

with similar inequalities for g. It thus follows from the remarks above that 

2-'^/l|e«||K>||/||;^||/||y>2-^/^||e5||r. 

Similarly 

2-«/l|e„|U<||/||;'||/IU<2-''/^||e,||x. 
There are similar inequalities for g. Since 2^ < p{a) < p{h) < 2^^+^ 

2-^^P\\eb\\x < 2^+^-^/P\\eb\\Y < 2^+^-'''P\\ea\\Y < 2.2-''/P\\ea\\x- 
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Combining these we see that 



ll/ll;'ll/lk<2|M|;i||^||x 



and 



\\fV\\f\\Y<n9V\\9\\Y 



whence the claimed inequahties follow. For the last part, we observe that 



||/||oo||e„||x<||/||x< 11/11 



oo 



Ca H \- ebWx < 2||/||oo||e6||x 



and proceed similarly.H 

We draw immediately the conclusion that if A is finite (so that p is bounded) then 
both X and Y coincide with Lp{iJ,) and there is nothing to prove. In other cases at most one 
Ik is infinite. We write Ik = [ak, bk] if Ik is finite and Ik = [ak, oo) or Ik = (—00, bk] if Ik is 
infinite. Let Aq be the set of k so that k — 1 and k + 1 e A. We define a set J by taking one 
point dk from each Ik for k E A. We introduce the sequence spaces Fx and Fy modelled 



on A by setting \\x\\fx = II EfceA 2 '''=/^x(/c)ed^ ||x and \\x\\fy = \\ EfeeA 2 '^*''^x{k)edk \\y. 



In the case p = 00 we define ||a;||Fx = II Sfce^ '^(^)^dfe 11^- 

Lemma 5.7. Under the hypotheses of Theorem 5.5, suppose Ey{J) has (LSP). Then there 
is a constant Cq so that if / e By then \\f\\y is Cq— equivalent to ||(||//fc||p)||Fy 

Proof: It suffices to prove such an equivalence if / G Ey satisfies //j. = for A; ^ 
since there are most two values of A; ^ ^0 and Lemma 5.6 shows that the Y-norm 
on each such E{Ik) is equivalent to the Lp— norm. Next observe that for such / if 



9 = EfceAo2-''=+^/^ll//J|ped,+, then for all t > 0, J*i9*is)rds < J*iris)rds. Thus 




we have immediately by the p-convexity and rearrangement-invariance of y, ||5^||y < 



||/||y. Similarly if h = EfceAo 2-''=-^/^ll//Jlped,_, then \\h\\y > \\f\\y. Next let / = 



The proofs of these statements are essentially the same, so we concentrate on the first. 
Note that 



and so if C is the (LSP) constant of Ey{J) we have \\h\\y < 2C||/||y. Similarly \\f\\y < 
2C\\g\\yM 







iFdfc-ilk 

Gdu \\x 



In a very similar way, exploiting the p-concavity of X one has. 
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Lemma 5.8. Suppose Ex{J) has (RSP). Then there is a constant (which we also name 
Co) so that if f e Ex then \\f\\x is Co-equivalent to 

Sketch: First consider the case of Theorem 5.5. We assume / e Ex is finitely supported. 
Proceed as in Lemma 5.7, defining g,h,f as before. In this case we have that \\g\\x > 
> \\h\\x- The remainder of the argument mirrors that of Lemma 5.7. 

Let us also sketch the argument when p = oo (i.e. for Theorem 5.4). Analogously 
to Lemma 5.7 we note that ||^||x > > \\h\\x where g = ZlfeeAo \\fik\\ooedk+i and 

h = X^fceAo llZ/fcllooCdfe- The remainder of the argument is the same.a 

Now let us turn to the proofs of Theorems 5.4 and 5.5. Suppose first that the couple 
{X,Y) is a Calderon couple. Then the couple {Ex{J), Ey{J)) must also be a Calderon 
couple since there is a common averaging projection from (X, Y) onto {Ex, Ey)- Now it is 
clear that {Ex{J), Ey{J)) is exponentially separated (when J is indexed as a sequence). 
We can thus apply Theorem 4.2 to obtain that -E'y(J) has (LSP) and Ex{J) has (LSP). 
We conclude this direction of the proof by showing that if Ey{J) (and hence Fy) has 
(LSP) then Ey has (LSP) and so Y is compressible. A very similar argument shows that 
X is stretchable. 

To prove this we suppose that {fjigj}j£B is an interlaced pair of positive sequences 
in Ey with < WgjWv = 1- For given j let be the largest k so that Pi^fj 7^ 0. 

(Note here if such a largest k does not exist then j is the maximal element of B and gj = 0; 
hence this case can be ignored.) We then split fj = /j + /j' where /j' = Pj^^.^fj. Similarly 



we let g, = g'^ + g'^ where g'^ = Pi,,^,gj. Let Sq = {j : > 1/2}, and let Bi^B\ Bq. 

For j e Bq we set vj = {\\Pi^fj\\p)keA G Fy; for j G Bi we set vj = {\\Pi,^fj\\p)k€A- 
For all j eBwe set w'^ = i\\Pi,g'^\\p) and w'J = i\\Pi,g-\\p). 



Let {aj)j^B be positive and finitely nonzero. First observe that j in Bq we must have 
supp Vj < supp {Wj +Wj). Further > {2Co)~^ while \\wj +Wj\\FY ^ Cq. Thus, 

since Fy has (LSP) applying Lemma 2.6 we get the existence of a constant Ci depending 
only on {E,F) so that 




Notice also that {w'j + w'-)j^Bo have disjoint supports so that we can conclude that 




jeBo 



Similarly 




j&Bo 



jeBo 
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Combining we have 

II Yl ^jdjh < C^CiW ajfjWy. 

We now obtain a similar estimate on Bi. In fact, if we set = {j G Bi : w'- ^ 0} 
then we can argue as above to show that 

II Y "i^'ll^'v < C'lll Y ^j'^oWfy 

and hence obtain an estimate 

II J]«,^;i|y<Co^Ci|| J]a,/,||y. 

Finally we observe that for j e Si, ||-Pi(j)5'j||p < M\Piij)fj\\p by Lemma 5.6. Thus for 
any k 

i{j)=k 

Thus 

II ^a,-^;.||K<4Co^|| ^a,-/;||y. 

j£Bi j€Bi 

Combining these estimates gives that 

wY^jdjiw < c\\j2o^jfj\\Y 

jeB jeB 

for a suitable constant C. This completes the proof that Y is compressible and, as explained 
above a similar argument shows that X is stretchable. 

We now consider the other direction in Theorems 5.4 and 5.5. We suppose X is 
stretchable and Y is compressible. It follows that Ex has (RSP) and Ey has (LSP) and 
we can apply both Lemmas 5.7 and 5.8. We can immediately deduce: 

Lemma 5.9. There exists C so that ifO<f,ge Ex + Ey and ||/7fe||p > ||5'/fe||p for all 
keA then there exists < T e A{Ex, Ey) with ||T||(£^,_Ev.) < C and Tf = g. 

Now suppose f,g > in Ex + Ey and that K{t, g) < K{t, f) for aU t > 0. We define 
f = Efee^2-'^'=/f||/zJ|ped, and g' = EkeA'^-'^'^nghlUd,. Then Lemma 5.9 yields 
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the conclusion that K{t,g') < CK{t,g) < K{t, f) < C^K{t,f). Now {Ex{J),Ey{J)) is 
exponentially separated. 

Now for Theorem 5.5 we quote Theorem 4.5 to give that {Ex (J), Ey{J)) is a Calderon 
couple and hence there exists S G A{Ex{J)iEy{J)) with \\S\\(^Ex{J),Ey{J)) ^ where 
C2 depends only on [E^ F), and Sf = g' . It follows easily from Lemma 5.9 that {Ex,Ey) 
and hence (X, Y) is a uniform Calderon couple. 

In the case of Theorem 5.4 we note that it suffices to consider the case when / and g 
are decreasing functions; then /' and g' are also decreasing. Then K{t,g') < C^K{t,f') 
for all t implies that 



We further note that {Ex{J), -tooiJ)) has (RSP) by Lemma 3.4 and then apply Lemma 
4.3 to obtain a positive S e A{E x { J), £oo{ J)) with \\S\\Ex{j),i^(j) < C2 and Sf = g'. 
This leads to the desired conclusion.^ 

Corollary 5.10. Let X be an r.i. space on [0, 1] or [0, 00). Suppose X is r-concave for 
some r < 00. In order that both (Li, X) and {Lqo, X) be Calderon couples it is necessary 
and sufEcient that X be elastic. 

Examples: We begin with the obvious remark that the spaces Lp for 1 < p < 00 are 
elastic and so our results include the classical results cited in the introduction. On the 
space [0,00) one can basically separate behavior at 00 from behavior at so that spaces 
of the form Lp + Lq and Lp fl Lq are also elastic. Note however that we cannot apply 
Theorems 5.3 or 5.5 unless we have appropriate assumptions on either the Boyd indices 
or convexity /concavity assumptions; thus pairs of of such spaces are not always Calderon 
couples. 

Let us now specialize to [0, 1]. In certain special cases we can easily see that an r.i. 
space is elastic. For example, suppose X is the Lorentz space on [0, 1], for which qx < 00. 
Then it is immediately clear that X is elastic since Ex is a weighted £p— space. Rather 
more obscure elastic spaces can be built using a weighted Tsirelson space for Ex ■ 

On the other hand, it is possible to give easy examples where Ex fails (RSP) or (LSP). 
Indeed if one takes any symmetric sequence space i? on J which is not an ip-space and 
considers E{w^) where 1 < w < 2 then there is an r.i. space X for which Ex = E{w^). 
By Proposition 2.3 Ex fails (RSP) and (LSP). In this case we note that since Kj^{Ex) = w 
and K-{Ex) = , we have px = Qx = (log2'«')~^. If say E = ipC^-) for some Orlicz 
function F satisfying the A2— condition then X is an "Orlicz-Lorentz space" given by 



^'X[o,t]||x < C'^||/'x[o,t]lk. 
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where p = px = Qx- Note that for such a space the pair {L^o, X) fails to be a Calderon 
couple. This answers a well-known question (cf. [8], [28]). 

In the next section we will investigate Orlicz spaces in more detail. We will also give 
examples of Orlicz spaces Lp for which (L<x,, Lp) is not a Calderon couple. 

We will conclude this section by considering a situation suggested by the example of 
Ovchinnikov [34] (cf. [29]). 

Theorem 5.11. Suppose 1 < p < oo and that X is an r.L space on [0, oo) whose Boyd 
indices satisfy either qx < p or p < px < qx < oo. Then {X f] Lp, X + Lp) is a Calderon 
couple if and only if X is a Lorentz space of order p. 

Proof: If X is a Lorentz space of order p, then both X + Lp and X DLp are also Lorentz 
spaces of order p, and so form a Calderon couple. Conversely suppose {X D Lp, X + Lp) 
is a Calderon couple; then so is {ExnLp, Ex+Lp)- Let us consider the case qx < p; the 
other case is similar. Then £"0 = ExnLp = -E'x(Z_) © El^{Z^) and Ei = Ex+Lp = 
£'ip(Z_) © £'x(Z_|_). Note that for all n we have ||e^||xnLp > further if we 

rearrange the sequence (en)nez so that ||en||xnLp/||en||x+Lp increases, it is not difficult to 
see that {Eo,Ei) is exponentially separated. Thus Eq has have (RSP) and Ei has (LSP) 
for this ordering. It also follows easily form our assumptions on the Boyd indices that there 
exists k so that the gap in the new ordering for Eq between two consecutive elements of Z+ 
is at most k. Indeed the ratio ||en||xnLp/||en||x+Lp behaves like 2~"'/^||en||x forn < and 
like 2"/^||e„||^"'^ forn > and we have an estimate for A; > 0, C~-'^2'^/^ < ||e„+/s||x/||en||j£: < 
C2'' for suitable C and r with qx < r < p. Thus Eq must be a weighted £p-space by the 
argument of Proposition 2.3. It follows that £'x(Z_) is a weighted £p— space. Similarly 
£'x(Z+) is a weighted space and so X is a Lorentz space of order p.m 



6. Orlicz spaces. 

Let F be an Orlicz function, i.e. a strictly increasing convex function F : [0, 00) —>■ 
[0, 00) satisfying -F(O) = 0. We will also assume that F satisfies the A2— condition with 
constant A i.e. F{2x) < AF{x) for every a; > 0. We will use the notation Ft{x) = 
F(tx)/F{x). 

We recall first that F is said to be regularly varying at 00 (resp. at 0), in the sense 
of Karamata, if the limit limt^oo Ft{x) (resp. limt^o Ft{x)) exists for all x (in fact, it 
suffices that the limit exists when x < 1.) In this case there exists p, 1 < p < 00 so that 
limt^oo Ft{x) = x^ (resp. lim.t->o Ft{x) = x^); F is then said to be regularly varying with 
order p. See [6] for details. 
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Lemma 6.1. The following conditions are equivalent: 

(1) F is equivalent to an Orlicz function G which is regularly varying with order p at oo 
(resp. 0). 

(2) There exists a constant C so that if xq < 1 there exists < to < oo so that if t > to 
(resp. t <to) and xo < x < 1, 

C-^xP < Ft{x) < CxP. 

(3) There exists a constant C so that if x < 1 limsup^^^ Ft{x) < C liminff^tx Ff{x). 
(resp. lim sup^^Q Ft (x) < C lim initio Ft (x).) 

Proof: The implication (1) =^ (3) is immediate and (3) =^ (2) is a simple compactness 
argument. We indicate the details of (2) =^ (1). Let f{x) = logF(e^) for x E H. The 
function f{x) — a; is then increasing. Then it is easy to translate (2) as: 
(2)' : there exists c so that ii yo >0 there exists xo so that ii < y < yo, then 

\f{x) - f{x-y) -py\ < c, 

whenever x > xo- 

Now we can pick a function u = u{x) for a; e R so that u{x) = for a; < 0, tt is 
differentiate, increasing, u'{x) < 1, \imx^^ u{x) = oo, and \f{x) — f{x — y) — py\ < c for 
< y < u{x). Now define g{x) = f{x) if u{x) = and 



1 r 

g[x) = - (/(s) + p{x - s))ds 

^ J x—u 



if tt > 0. It is easy to show that f — g is bounded. Further if tt > 0, 

u' 1 

g'{x) = {g{x) - f{x -u) -pu) + - {f{x) - f{x -u) -pu) + p. 

u u 

Since 

u'{x) ^ 1 
u{x) ~ u 

it is easy to see that \\vag\x) = p and so if Go{x) = exp5f(loga;) then Gq is regularly 
varying and equivalent to F. 

It remains to construct a convex G with the same properties. First note that since 
f{x) — X is increasing we have if « > 0, 



1 r 

g{x)-f{x)<- {p- l){x - s)ds < 

Jx—u 



p-1 

— — U. 
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Hence 

g'{x) >p + - — — (fix) - f{x-u)-pu)- ^-^u' 
>p-{p- 1)(1 - u') -{p- l)u' 

> 1. 

It now follows that Gq{x)/x is increasing. The proof is completed by setting G{x) = 
Jq Go(x)/xdx and it is then easy to verify that G has the desired properties. ■ 

If F is an Orlicz function, < a; < 1, and C > 1 we can define ^'^{x^C) (resp. 
^p{x, C)) to be the supremum (possibly oo) of all N so that there exist ai < a2 < • • • < a^r 
with Qk/ak-i > 2 for k < N — 1 and ai > 1 (resp. ajv < 1) so that for all k either 
-Pofc (x) > Cx'P or a;^ > CFa^^ {x). It is easy to show that 

Proposition 6.2. F is equivalent to a regularly varying function of order p at oo (resp. at 
) if and only if for some C and allO < x < 1 we have (x, C) < oo (resp. Wp(x, C) < oo). 

We omit the proof which is immediate. However we can now state the result of 
Montgomery- Smith [33] which characterizes Orlicz spaces which are Lorentz spaces (see 
Lorentz [26]). 

Theorem 6.3. In order that Lf[0,1] coincides with a Lorentz space of order p it is 
necessary and sufficient that there exist Cq, Ci and r > so that for every x with < a; < 1 
we iave ^p{x,Co) < Cix~'^. 

This is a somewhat disguised restatement of Montgomery-Smith's result. However we 
will not pause in our exposition to derive this result as a proof is implicit in our approach 
to elastic Orlicz spaces. Further, we state the result in order to motivate the following 
definition. 

For C > 1 and < x < 1 let us define $^(,x, C) (resp. $^(a;, C) to be the supremum of 
all n so that there exist ai < bi < a2 < b2 ■ ■ ■ < an < bn with ai > 1 (resp. bn < 1) so that 
Fb^ix) > CFa^{x), for 1 < /c < n. For C > 1 and < a; < 1 let us define $^(a;,C) (resp. 
$^(a:, C)) to be the supremum of all n so that there exist ai < bi < a2 < b2 ■ ■ ■ < an < bn 
with tti > 1 (resp. bn < 1) so that Fai^{x) > CFh^{x), for 1 < k < n. We say that F is 
elastic at oo (resp. at 0) if there exist Cq, Ci > 1 and r > so that for < a: < 1 we have 
$^(x, Co) + $^(a:, Co) < Cix"^ (resp. ^%{x, Cq) + $° (x, Co) < Cix"^). From now on, 
we will consider only the case at oo although similar results can always be proved at 0. 

Lemma 6.3. F is elastic at oo if and only if there exist constants Cq, Ci > 1 and r > so 
that if < a; < 1, $^(a;,Co) < Cia;-'' (resp. $^(a;,Co) < Cia;-^;. 

Proof: Assume ^'^{x,Co) < Cix~'^. Suppose 1 < ai < 6i < • • • < a„ < 6„ with 
Fakix) > eCoFi,^{x) for 1 < k < n. Consider an interval [bk,ak+i] where 1 < A; < n — 1. 
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Let u = Uf. he the integer part of (logCo) ^ {log Fai^^j^{x) — logFb^^(a;)). Then we can find 
bk = Co < ci < ■ • ■ < c,y < ttk+i so that logFc^.{x) — log Fci^_^{x) = logCo- It follows that 



n-l 



^z/fc < $+(a;,Co) 



fc=i 

and hence that 

n-l 

Y,i^ogFa,^^{x)-logF,^{x)) < {logCo){^+{x,Co)+n-l) 
k=i 

and thus 

logFb^ix) - logFa.ix) < (logCo)(Cia;-^ - 1) - n. 

Now 

logFfe„(a;) - logF„^(x) > logF6^(a;) > -C2I loga;| - C3 
for suitable C2, C3 by the A2 condition. Hence 

n < (logCo)(Cix-" - 1) + C2I logxl + C3 

and so 

^^{x,eCo) < Qx"^^ 
for a suitable C4. The other case is similar.! 

Proposition 6.4. The following conditions on F are equivalent: 

(1) F is elastic at 00. 

(2) There exist constants Cq, Ci > 1 so that if 1 < ai < 61 < • • • < a„ < 6„ and < a; < 1 
then: 

n 
k=l 

(3) There exist constants Co, Ci > 1 so that if 1 < ai < bi < ■ • • < an < bn and < a; < 1 
then: 

n 

Y,{F,,{x)-CoF,,{x))<Ci. 

k=l 

(4) There exists a hounded monotone increasing function w : [1, 00) — > R and a constant 
Co so that ifl<s<t and < a; < 1 then 

Ft{x) < CFs{x) + w{t) - w{s). 
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(5) There exists a bounded monotone increasing function w : [1, oo) — > R and a constant 
Co so that ifl<s<t and < a; < 1 then 

Fs{x) < CFt{x) + w{t) - w{s). 
Proof: (1) =^ (2). We assume that for suitable constants C2, C3 > 1 and r > 0, we have 

We will assume that C2 > A from which it follows easily Fi,{x) / Fa{x) > C2 implies that 
b > 2a. First suppose m is an integer with m > r. We will estimate $^p(a:, C^). Suppose 
1 < ai < 61 < • • • < a„ < 6n and Fi,^. (x) > Ca^F^^, (x). Let s be the smallest integer greater 
than I log2 x\ + 1. Then > x~^ and a^s > a^~''^^(fc-i)s for 2 < A; < [n/s]. Let ^ = x^^'^. 

Now for each 1 < A; < [n/s] there exists Ufc with < (7^ < m — 1 so that F^'^kb^kiO ^ 
C2F^'rka^kiO the intervals [^'^''ask^^'^'^bsk] are disjoint in [l,oo). Hence we have an 
estimate that 

^^i^,C2)>[n/s] 

and this means that 

[n/s] < Car^ 

Thus 

n < Csis + l)a;-''/"^ < C4 + C5I loga;|a;-''/™ 
for suitable constants C4, C5. This leads to an estimate 

^^{x,C^) < Cea;-" 

where < a < 1. 

Now suppose Co = AC^. Suppose 1 < ai < 61 < ■ ■ ■ < < and that < < 1 
for 1 < < n. For j G N let Ij be the set of k such that 2~^ < Xk < 2.2~K Then 

Y.{F,,{xk) - CoFa,{xk)) < ^(AF5,(2-^-) - CoF«,(2-^)) 
keij keij 

<A$-(2-^C2-)mpcF6,(2-^) 
< C6A2-(i-")^'. 

Thus 

n cxD 

(x) - CoF^, (x)) < Ce A ^ 2-('-^^ . 
k=i j=i 
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This establishes (2). 

(2) =^ (4). We define w{t) for 1 < t < oo by setting w{t) to be the supremum of 
Ylk^ii^bki^k) — CoFai^{xk)) over all n and all 1 < ai < 6i < • • • < < 6^ < * and all 
< a;/c < 1 for 1 < A; < n. Clearly w{t) is increasing and bounded above by Ci. Condition 
(4) is immediate from the definition. 

(4) =^ (1). Suppose < a; < 1 and that 1 < ai < 6i < • • • < a„ < are such that 
Fb^{x) > 2CoFa^{x). Then we have 

n n 

Co J2 (x) < - w{ak)) < Ci 

fc=l k=l 

where Ci = limaj^^o w(a;) — w{l). Now Ft{x) > C2x'^ for all t, for a suitable C2, by the 
A2— condition. Thus 

^^ix,2Co)<Ci{CoC2)-'x-'-. 

The implication now follows from Lemma 6.3. 
The remaining implications are similar .■ 

Lemma 6.5. If F is elastic at 00 then F is equivalent to an Orlicz function which is 
regularly varying at 00. 

Proof: It follows immediately from (4) above that 

lim sup Ft{x) < Cq lim inf F^ (x) 

for < X < 1. Apply Lemma 6.1.B 

We now come to our main theorem on elastic Orlicz functions. 

Theorem 6.6. Let F be an Orlicz function satisfying the A2— condition. Then the fol- 
lowing are equivalent: 

(1) F is elastic at 00. 

(2) Lf[0, 1] is stretchable. 

(3) Lf[0, 1] is compressible. 

(4) Lf[0, 1] is elastic. 

Proof: We will only show (1) ^ (2) and (2) ^ (1). The other implications will then be 
clear. We will write E = Ep for Ex where X = L_f[0, 1] . Then Ep is the modular sequence 
space of Z_ defined by ||a;||sj;. = 1 if and only if X]nez_ F{x{n))2'^ = 1. Let us define An 
for n e Z_ by F{Xn) = 2~'^. Then (An)nez_ is strictly decreasing and A^-i < 2Xn for 
n < 0. 
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(1) =^ (2). We must show that E has (RSP). To show this it suffices to show the 
existence of a constant C so that if ai < 61 < ci < a2 < 62 < C2 <•••< On < < Cn < 
and supp Xk C [ak,bk), supp yt C [bk,Ck) and \\yk\\E < \\xk\\E = 1 then 

n n 

W^^OLkVkWs < C\\y^,akXk\\E- 

To do this let us suppose n, ak,bk, Ck,Xk as fixed and let F be the least constant C for 
which this inequality holds. We show a uniform bound on F. We can suppose the existence 
of constants Co,Ci and an increasing function w : [l,oo) — > R with \imx^oow{x) = 
w{l) + Ci so that if 1 < s < t 

Fs{x)<CQFt{x) + w(t)-w{s) 

for < a; < 1. 

Let us define x'j^ = T.\xuU)\>h>^^^ Xk{j)ej and also y'^ = T.\y^ij)\>^x,^ yk{j)ej. 
Then 

j<bk 

Thus ||a;fe -x'^lls < 1/2 and similarly \\yk-y'k\\E < 1/2. We let x'l{j) = min(2|a;'^(j)|, A^^) 
and y'^ij) = min(2|y^(j)|, A^J. Then Wy'^E < 2. 

Now for any cti, . . . ,an such that || 5^fc=i ctfea^feHs = 1 we set z = ^kUk ^ind 

V = Ylk=i ^kx'k- We also let u = Y^k=i ^k^hk^bu - Then for fixed A;, 

2^F{\aky'k{j)\)<Y.'^'F{\aky'i{j)\) 

<Co2'''=F(|«fe|A,J ^'nVkU)) 

+ J] 2^F{y'aj)){w{X,,)-w{y'aj))) 
< CoA2'^'^F{\ak\Xb,) + A(«;(AbJ - «;(AeJ). 

On summing, we get 

Y2'Fi\z{j)\)<CoAY2'F{\u{j)\) + AC,. 
j 3 

Now in the other direction, for fixed A;, 

2^'^F{\ak\\bu) < CoF(|afe|4'(j))F(4'(j))-i + «;(A„J - «;(A6j 
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whenever x'l.{j) ^ 0. 
Thus 

2^^F{\a^\X,,){Y,VF{xim <Co^2^F(|«fe4'(j)|)+ 
i j 

+ (^2^FK'(j)))(«;(A„,-«;(A,J). 

3 

Now we observe that 1/2 < \\x'f.\\E < 1 so that 1/2 < \\x'1\\e < 2. Hence 1/2 < 
2^F{xl{j)) < A. Thus we have: 

2'"=F(|«,|A,J < 2CoA J]2^F(|a,xUj)l) + 2A(«;(AaJ -«;(A,J). 

j 

Summing as before 

^2^F(mj)l)<2CoA5;]2^F(|^(j)|) + 2CiA. 

3 3 

We thus have an estimate 

5] 2^F(Kj)|) < C2 5] 2^F(Kj)|) + Cs 
J j 

for constants C2, C3 depending only on F. This in turn imphes an estimate \\z\\e < C'4||v||e 
for some constant C4. 

Now we conclude by noting that: 

n k 

W^akVkWE < \\z\\e + W^akivk - yk)\\E 
fc=i j^i 

n 

< C4\\v\\E + Tmax\\yj - y'^\\E\\y^^akXk\\E 

<(C4+^) 

Thus r < C4 + r/2 and so r < 2C4 and E has (RSP). 

(2) ^ (1). Suppose E has (RSP). This implies that for some Cq, if ai < 61 < 
a2 < ■ • ■ < an < bn are negative integers, and < Xk with 5^ 2"'=F(Aaj.a;fc) < 1 
then 5^ 2'''=F(A6j.a;fc) < Cq. We also note from the A2-condition that we can suppose 
CiFt{x) > x'^ for some Ci and r and alH > 0, < a; < 1, 

For any constant C > 2CoA^ and < a; < 1 suppose now that 1 < ci < cZi < 
C2 < • • • < dn-i < Cn < dn and Fci^{x) > CFdf,{x). Then we must have dk > 2^Ck. Now 
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choose bn-k+i £ Z_ to be the largest integer so that Xb^-k+i > ^ind let a^-k+i be the 
smallest integer so that Xar,-k+i < dk- is clear that ai < bi < 02 • • • < a„ < Further 
A6„_fc+i < 2c/s and Xa^_k+i ^ c?A;/2. It follows that for every k with 1 < A; < n we have 

2'''F{X„^x) > CA-^2-''F{Xa,x). 

Now suppose n > Cix~'^. Then we can select a subset J of {l,2,...,n} so that 
1/2 < Efcej2"'°-^('^afe^) < 1- Then we can conclude that 

^-<^2'"=F(A,,x)<Co. 
Since C > 2CoA^ we reach a contradiction and conclude that n < Cix~'^. Thus 

and F is elastic by Lemma Q.3.m 

Of course there are corresponding results for sequence spaces and Orlicz spaces on 
[0, 00). We will omit the proofs. 

Theorem 6.7. Suppose F is an Orlicz function satisfying the A2— condition. Then: 

(1) In order that ip be elastic (resp. compressible, resp. stretchable) it is necessary and 
sufRcient that F be elastic at 0. 

(2) In order that Lf[0, 00) be elastic (resp. compressible, resp. stretchable) it is necessary 
and sufRcient that F be elastic at both and 00. 

Remark: It is perhaps worth pointing out at this point that the theorem of Montgomery- 
Smith (Theorem 6.3) cited above can be proved in much the same manner as Theorem 
6.6; the problem in this case is to show that E is a weighted £p— space. In fact our proof 
of Theorem 6.6 is derived from the arguments used by Montgomery-Smith [33]. 
Returning to the case of [0, 1] we note the following simple deduction. 

Proposition 6.8. If the Orlicz space Li?[0, 1] is elastic then its Boyd indices pp — PLf 
and qp — Qlp coincide. 

Proof: In fact we can suppose F is regularly varying by Lemma 6.5 and so the conclusion 
is immediate^ 

Remark: The analogous result holds for sequence spaces, but not for Li?[0, 00) where one 
must consider behavior at both and 00. Thus Lp fl Lq is elastic for any p, q. Let us also 
mention at this point that Proposition 6.8 allows us very easily to give examples of Orlicz 
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function spaces Lf[0, 1] so that {L^^Lp) is not a Calderon couple by simply ensuring that 
Pf 7^ qp- 

Examples: We now give two examples to separate the concepts implicit in our discussion 
above. We first construct a regularly varying Orlicz function which is not elastic. To do 
this first suppose (^„) is a positive sequence, bounded by one and tending monotonically 
to zero. We define ^{x) = 2 if a; < 1 and then ^{x) = 2 + (-l)"Cn if 2^"^ < a; < 2". 
Define f{x) = ^{t)dt and F{x) = exp(/(loga;)). Then F{x)/x is increasing and hence 
Fi{x) = Jq F{t)/tdt is an Orlicz function equivalent to F. Further F and Fi are regularly 
varying of order 2. It remains to show that Fi or equivalently F is not elastic at oo. 
Suppose C > 1 and that < a; < 1. If 2"-^ > loga;-^ then 

If we assume that goes to zero slowly enough, say ~ (loglogn)"-^ this will exceed 
logC, 0(exp(a;~'")) times for some r > and so Fi cannot be elastic. 

Our second construction is of an elastic Orlicz space which is not a Lorentz space. It 
is of course clear that conversely that every Lorentz space is elastic. We note first that if 
F[x) = exp(/(loga;)) where / is convex then F is elastic at oo, by applying Proposition 6.4 
(4) (equally the same conclusion holds when / is concave). We thus consider a function 
(pit) — 2 + t(j{t) where il){t) is bounded by one and decreases monotonically to 0. Let 
f{x) = Jq (j){t)dt as above. As usual it may be necessary to convexify F by constructing 
Fi; however this is equivalent to F. Now we show that for Fj?[0, 1] to be a Lorentz space it 
is necessary that ip tends to zero at a certain rate. In fact if Co) < Cix~'^ it follows 

that -0(2*-^!^ ^^^) < logCo/logx~^ and hence that tpiu) = 0((loglog w)~^). Thus if we 
choose t(j converging to zero slowly enough then Lp[0, 1] is an elastic non-Lorentz space. 

We now turn to the general problem of determining when a pair of Orlicz spaces 
Lf[0, 1] and Lc[0, 1] forms a Calderon couple. Of course if the Boyd indices satisfy qp < Pg 
this can only happen if both F and G are elastic at oo in which case Pf = Qf and po = qg- 
Brudnyi [8] has conjectured that if Lp and Lq are distinct then if {Lf,Lg) forms a 
Calderon couple then we must have Pf = Qf and pG = Qg- The next theorem shows that 
that if either pp ^ qp or pG 7^ Qg then F and G must in some sense be similar functions. 
However following the theorem we will give a counterexample to Brudnyi's conjecture. 

Theorem 6.9. Suppose F and G are Orlicz functions satisfying the A2— condition and 
such that {Lp[0, 1], Lg[0, 1]) forms a Calderon pair. Then either F and G are both elastic 
or pp = PG and qp = qg- 

Proof: Let us assume that qp > qg- The other case is similar. It will be convenient to 
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pick qo, qi so that qo < Qo < Qf < Qi and to suppose (by passing to equivalent functions) 
that F{x)/x'^'^ and G{x)/x'^° are decreasing. 

Let be the closure of the set of functions {Ft : t > 1} in C[0, 1]. This set is 
relatively compact. For each M > 1 let J^m be the closure of the set of functions {Ft :t> 
1, F{t)/G{t) > M} and let T^o = ^m^m- Similarly if a < 1 we let Ta be the closure of 
the set of functions {Ft:t> 1, F(t)/G(t) < a} and set .Fq = da^a- 

Now suppose t > 1 and At is a measurable subset of [0, 1] such that = F{t)^^. 

Then HxaJIlf — while HxyiJlLG — where G{s) = F{t). If F{t) > G{t) we con- 
clude that s > t and further from the A2— condition for G we have that ||xAt II Lg — 
(f){F{t) /G{t))\\xAt\\LF where is a function satisfying lim^^oo = 00. 

Suppose J-'oo is nonempty and Hi,H2 G J^oo- Then we can find a sequence (tn)n>i 
such that ti >2,tn> 2tn-i and F{tn)/G{tn) 00, 



•F IIX^t„_i \\Lf 



IXAt 



for n > 1 and such that Ft^^ — > Hi while and Ft^^_-^ — > i/2- Since iiAt^ < we can 
suppose these sets are disjoint. If we restrict to the sub— cr— algebra A of the Borel sets 
generated by (At^) then {Lf{A), Lc{A)) forms a Calderon couple. Regarded as a couple of 
sequence spaces it is exponentially separated and hence the Orlicz modular space ipt^ has 
(LSP) by Theorem 4.2. By passing to a subsequence of the unit vectors it follows that both 
the Orlicz sequence spaces and have (LSP) and further that the space obtained 
by interlacing their bases has (LSP). Hence from Proposition 2.4 Hi{x) and H2{x) are 
both equivalent to some (common) xP°. We thus conclude that there exists po so that any 
H G J^oo is equivalent to x^^ . 

By similar reasoning, if is nonempty there exists pi so that every H & To is 
equivalent to x^^ . 

Now suppose qo < ri < r2 < qp- We pick m an integer large enough so that {m—2)ri + 
2qi < mr2- Then for any ^ < 1 the function Fo{x) = m.a,x{x'^'^t~'^'^ F{t) : ^"^x < t < x} 
is equivalent to F and therefore Fq{x)/x'^^ cannot be decreasing everywhere. Thus for 
any xq there exists x > xq such that for some (5 > we have Fq{u)/u^^ < Fo{x)/x^^ if 
x-5 <u<x.li follows that Fq{x) = F{x) and hence F{x) > x''H-''^F{t) if ^'"x <t<x. 

Next define Fi(y) = max{y'"it-'"iF(t) :^y<t<y}. Notice that Fi(y) < ^'^^''"^ F{^y). 
We will argue that F\{x)/x'^'^ cannot be decreasing on {^'^~^x,^x). If it is then F\{^x) < 
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^x) and hence 

F{x) < C'^^Fi^x) 
<CF^{^x) 

< ^-("^-2)^1-91 

< ^-(m-2)ri-2qi p^^m^-^ 

and hence (m — 2)ri + 2gi > mr2 contrary to assumption. 

We now argue as above and conclude similarly that there exists u with ^'^~^x <u<^x 
such that F{u) > u''H-''^F{t) for ^u<t<u. 

Now notice that 

F{u)/G{u) < u''^-'^°x'^°-'''F{x)/G{x) 

and so 

F{u)/G{u) < C^-'^°F{x)/G{x). 

It follows that given any ^ < 1 any xq we can pick x > xq so that F{x) > x^^t~'^^ F{t) 
ioi ^x < t < X and either F{x)/G{x) > ^-(^2-?o)/2 F{x)/G{x) < ^(9o-r2)/2_ ^j^^g 
we can find a sequence ^ oo such that Ft^{x) > x'^^ for < a; < 1 and either 
F{tn)/G{t^) ^ oo or F(t^)/G'(t^) ^ 0. 

Consider the former case. Then there exists H G J-'^o with H{x) > x^^. Hence po > ri. 
In the latter case pi > ri. Since ri < qp is arbitrary we conclude that either po = qp or 
Pi = qp- 

Consider the case = If] in particular F{t)/G{t) is unbounded for t > 1. We 
will argue that F{t)/G{t) tends to infinity. For any ^ < 1 consider the function h{x) ~ 
mm{F (t) / G (t) : ^x < t < x}. If h does not converge to cxo then given any M and Xq there 
exists X > Xq and 5 > so that h{x) = M and h{x) < h{u) iov x — 5 < u < x and this 
implies that F{t)/G{t) < F{x)/G{x) for $,x < t < x. Thus we can construct ^ oo so 
that F{tn)/G{tn) — oo and Ft^{x) < Gt^{x) < x'^° for < x < 1. Thus contains a 
function H with H{x) < x'^°. This contradicts the fact that qo < pp- Thus F{t)/G{t) oo 
and it follows easily that since Too = ^ that pp = qp- We can invoke Theorem 5.3 to 
obtain that both F and G must be elastic. 

The case pi = qp is similar. In this case G{t)/F{t) is unbounded and we use the same 
argument as above to show that G{t)/F{t) — > oo. 

We omit the case pp < pa'i the reasoning is much the same.a 

Example: It remains to construct an example of a Calderon couple (Li?[0, 1], Lg[0, 1]) 
with F and G non-equivalent and pp = po < Qf = qo- Such an example is a counterex- 
ample to the previously mentioned conjecture of Brudnyi [8] . Our construction depends 
on the following lemma: 
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Lemma 6.10. Let (Yq, Yi) be a Calderon couple and let X be a Banach space. Then the 
pair {X ®Yq,X ®Yi) also forms a Calderon couple. 

Proof: We suppose the direct sums are ^i— sums. Suppose {xq, yo), (a^i, yi) G X © {Yq + 
Yi) satisfies 

K{t, {xo, yo), X®Yo,X® Y^) < K{t, {xuVi), X®Yq,X® Y^). 
Then we observe that 

\\xq\\x < \\xi\\x + K{l,yi, Yo,Yi). 

Thus there is an operator S : X ® (Yq + Yi) — > X with ||5'o|| < 1 and S{xi,yi) = xq. On 
the other hand: 

K{t, yo, Yo, Yi) < min(l, t)\\xi\\ + K{t, y^, Yo, Y^) 

Now (Yo.Yi) is Gagliardo complete ([13], Lemma 3) so by K-divisibility ([4], [7], [15]) we 
can write yo — u + v where 

K{t,u,Yo,Yi) <^mm{l,t)\\xi\\ 

and 

K{t,v,Yo,Y^) <^K(t,y,Yo,Y^) 

and 7 is an absolute constant. The former inequality implies that max(||t(,||Y|p < 
7 II 2^1 II X and hence that there exists Si : X ^ YqHYi with || 5*111 < 7 and SiXi = u. The 
latter inequality yiels the existence of 5*2 : Iq + ^1 Yq + Yi with ^2 G AiYo^Yi) and 
S2yi = 'f - Let S{x, y) — {Sqx, Six + S2y). Then S is bounded on each X © Fj and maps 

{xi,yi) to (xo,yo)- 

We now construct the example. We suppose q > p > 1; wesetr = ^{p + q), a = p — 1 
and (3 = q — r. We next define ai = 1 and then inductively (6n)n>i: (cn)n>i: {dn)n>i and 
(an)n>2 by letting 6„ = c„ = 46„, (i„ = + 2n and a„+i = 4d„. 

We then can construct an unbounded nonnegative Lipschitz function (/> : R ^ R 
so that supp (f) C U„>i[a„,6„] and |</>'(a;)| < ax~^ a.e. (or equivalently \(t>{x) — (t>{y)\ < 
I log logy I ioT x,y > 1.) We then also define a nonnegative Lipschitz function 7/; : R — > R 
with supp C ^n>i[cn, dn] by defining i(^{x) = j3{x — Cn) for Cn < x < Cn + n and 
i/^ix) = P{dn — x) for Cn + n < X < dn- Finally we put F{x) = a;*^ exp(i/;(loga;) and 
G{x) = a;''exp('^(loga;) + 0(loga;)). 

Now observe that F and G both satisfy the A2-condition and both F{x) jx and G{x) jx 
are increasing functions so that F and G are equivalent to convex Orlicz functions. We 
prefer to work directly with F and G. We consider the pair {Ep, Eq). For n < let An 
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be the unique solution of F(A^) = 2 " and let Vn be the unique solution of G{i'n) = 2 
We split Z_ into two disjoint sets Jq, Ji by setting Jq = {n : logA^ e U/(;[cfe/2, 2cife]} and 
Ji = Z_ \ Jo. 

We claim that on a;(Jo) the norms || and || \\lg are equivalent. In fact since 
F < G we need only bound EneJ,, 2''G'(^^) subject to EneJ,, 2"i^(^n) = 1- To do this 
observe that if n e Jq and < ^„ < A„ then -F(^n) = G{^n) unless log^„ < log A„/2. Thus 

^(^n) < 1 + E 2"G(VA„) 
neJo neJo 

ne Jo 

and this establishes the required estimate since A^^ increases geometrically 

On Lj{Ji) we claim both \\\\f and || ||g are equivalent to weighted norms and 
hence form a Calderon couple by the result of Sparr [36]. Let us do this for the case 
of II IIg which we claim is equivalent to {"^^neJ \^ri/^n\^V^^ • K suffices to (a) bound 
En€Ji 2''G'(^n) subject to EneJi ^n^n ^ ^ convcrscly bound EneJi ^n^n'' sub- 

ject to EneJ. 2'^^(en) = 1. 

For (a) note that if < $,n < i^n then 

I logGlCn) - logGK) - r-log(^)| < alog(J^) 
as long as log^^ > log^'„/2. Hence 

for n e Ji. Thus 

J2 2"G'(en) < 2^^ + J] 2-G'(v^J < 2« + J] i.-V2 

nGJi neJi n£Ji 

and this gives the required estimate, (b) is similar. The argument that || \\f is equivalent 
(EneJi l^ril^^n^V^^ slightly simpler and we omit it. 

This completes the construction of the example. It is clear from Lemma 6.10 that 
{Ep, Eg) and hence {Lf[0, 1],Lg[0, 1]) is a Calderon couple with pp = pa = P and qp = 
qo = Q but that F and G are non-equivalent. 

We remark in closing that it is possible to find Orlicz function spaces Lf[0, 1] so that 
if {Lf, Lq) forms a Calderon pair then Lp = Lq- (We assume the A2— condition for both 
F and G.) We sketch the details. The argument of Theorem 6.9 can be used to establish 
that if F and G are not equivalent at 00 then there exists p with 1 < p < 00 so that is 
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equivalent, for < a; < 1, to a function of the form \imFt^{x) where t„ — > oo. Now there 
are many examples of functions F which fail this property; for example one can take the 
minimal Orlicz function: 

oo 

F{x) = exp(a ^(1 - cos(27r(logt) /2")). 

n=0 

See [20]. 

Acknowledgements. The author wishes to thank Michael Cwikel for introducing him 
to the problems studied in this paper and for many stimulating discussions and helpful 
comments. He would also like to thank E. Pustylnik for some valuable comments on an 
earlier draft of the paper. 

References. 

1. J. Arazy and M. Cwikel, A new characterization of the interpolation spaces betwen 
Lp and L^, Math. Scand. 55 (1984) 253-270. 

2. S.F. Bellenot, The Banach spaces of Maurey and Rosenthal and totally incomparable 
bases, J. Functional Analysis 95 (1991) 96-105. 

3. S.F. Bellenot, R. Haydon and E. Odell, Quasi-reflexive and tree spaces constructed in 
the spirit of R.C. James, Contemporary Math. 85 (1987) 19-43. 

4. C. Bennett and R. Sharpley, Interpolation of Operators, Academic Press, New York 
1988. 

5. J. Bergh and J. Lofstrom, Interpolation spaces. An Introduction, Springer, Berlin 
1976. 

6. N.H. Bingham, CM. Goldie and J.L. Teugels, Regular Variation, Cambridge Univer- 
sity Press, Cambridge 1987. 

7. Y. Brudnyi and N. Krugljak, Real interpolation functors, Soviet Math. Doklady 23 
(1981) 5-8. 

8. Y. Brudnyi and N. Krugljak, Interpolation functors and interpolation spaces North 
Holland 1991. 

9. A. P. Calderon, Spaces between Li and Lqo and the theorems of Marcinkiewicz, Studia 
Math. 26 (1966) 273-299. 

10. P.G. Casazza, W.B. Johnson and L. Tzafriri, On Tsirelson's space, Israel J. Math. 47 
(1984) 81-98. 

11. P.G. Casazza and B.L. Lin, On symmetric basic sequences in Lorentz sequence spaces, 
H, Israel J. Math. 17 (1974) 191-218. 

12. P.G. Casazza and T.J. Shura, Tsirelson's space. Springer Lecture Notes 1363, Berlin 
1989 



46 



13. M. Cwikel, Monotonicity properties of interpolation spaces, Ark. Mat. 14 (1976) 
213-236. 

14. M. Cwikel, Monotonicity properties of interpolation spaces II, Ark. Mat. 19 (1981) 
123-136. 

15. M. Cwikel, K-divisibility of the K-functional and Calderon couples. Ark. Mat. 22 

(1984) 39-62. 

16. M. Cwikel and P. Nilsson, On Calderon-Mityagin couples of Banach lattices, Proc. 
Conf. Constructive Theory of Functions, Varna, 1984, Bulgarian Acad. Sciences 
1984, 232-236. 

17. M. Cwikel and P. Nilsson, Interpolation of Marcinkiewicz spaces. Math. Scand. 56 

(1985) 29-42. 

18. M. Cwikel and P. Nilsson, Interpolation of weighted Banach lattices. Memoirs Amer. 
Math. Soc. to appear. 

19. G.H. Hardy, J.E. Littlewood and G. Polya, Inequalities, Cambridge University Press, 
1934. 

20. F.L. Hernandez and B. Rodriguez-Salinas, On ^^-complemented copies in Orlicz spaces 
II, Israel J. Math. 68 (1989) 27-55. 

21. P.W. Jones, On interpolation between Hi and H^, 143-151 in Interpolation spaces 
and allied topics in analysis, Proceedings, Lund Conference 1983, M. Cwikel and J. 
Peetre, editors. Springer Lecture Notes 1070, 1984. 

22. J.L. Krivine, Sous espaces de dimension finite des espaces de Banach reticules, Ann. 
Math. 104 (1976) 1-29. 

23. J. Lindenstrauss and L. Tzafriri, On the complemented subspaces problem, Israel J. 
Math. 9 (1971) 263-269. 

24. J. Lindenstrauss and L. Tzafriri, Classical Banach Spaces I Springer, Berlin 1977. 

25. J. Lindenstrauss and L. Tzafriri, Classical Banach Spaces II Springer, Berlin 1979. 

26. G.G. Lorentz, Relations between function spaces, Proc. Amer. Math. Soc. 12 (1961) 
127-132. 

27. G.G. Lorentz and T. Shimogaki, Interpolation theorems for the pairs of spaces (Li, Lp) 
and (Lp,Loo), Trans. Amer. Math. Soc. 159 (1971) 207-222. 

28. L. Maligranda, On Orlicz results in interpolation theory, Proc. Orlicz Memorial Con- 
ference, Univ. of Mississippi, 1990. 

29. L. Maligranda and V.I. Ovchinnikov, On interpolation between Li + Lqo and LiflLoo, 
J. Functional Analysis 107 (1992) 342-351. 

30. C. Merucci, Interpolation reelle avec fonction parametre: reiteration et applications 
aux espaces A^'(0), (0 < p < +oo), C.R. Acad. Sci. (Paris) I, 295 (1982) 427-430. 



47 



31. C. Merucci, Applications of interpolation with a function parameter to Lorentz, Sob- 
olev and Besov spaces, 183-201 in Interpolation spaces and allied topics in analysis, 
Proceedings, Lund Conference 1983, M. Cwikel and J. Peetre, editors, Springer Lecture 
Notes 1070, 1984. 

32. B.S. Mityagin, An interpolation theorem for modular spaces. Mat. Sbornik 66 (1965) 
473-482. 

33. S.J. Montgomery-Smith, Comparison of Orlicz-Lorentz spaces, Studia Math, to ap- 
pear. 

34. V.I. Ovchinnikov, On the estimates of interpolation orbits. Mat. Sb. 115 (1981) 
642-652 (= Math. USSR Sbornik 43 (1982) 573-583.) 

35. A. A. Sedaev and E.M. Semenov, On the possibility of describing interpolation spaces 
in terms of Peetre's K-method, Optimizaciya 4 (1971) 98-114. 

36. G. Sparr, Interpolation of weighted Lp— spaces, Studia Math. 62 (1978) 229-271. 

37. B.S. Tsirelson, Not every Banach space contains an embedding of £p or cq. Functional 
Anal. Appl. 8 (1974) 138-141. 

38. Q. Xu, Notes on interpolation of Hardy spaces, preprint, 1991. 

39. M. Zippin, On perfectly homogeneous bases in Banach spaces, Israel J. Math. 4 (1966) 
265-272. 



48 



